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Abstract 

In some previous papers, a geometric description of Lagrangian Mechanics on Lie alge- 
broids has been developed. In the present paper, we give a Hamiltonian description of Me- 
chanics on Lie algebroids. In addition, we introduce the notion of a Lagrangian submanifold 
of a symplectic Lie algebroid and we prove that the Lagrangian (Hamiltonian) dynamics on 
Lie algebroids may be described in terms of Lagrangian submanifolds of symplectic Lie al- 
gebroids. The Lagrangian (Hamiltonian) formalism on Lie algebroids permits to deal with 
Lagrangian (Hamiltonian) functions not defined necessarily on tangent (cotangent) bundles. 
Thus, we may apply our results to the projection of Lagrangian (Hamiltonian) functions which 
are invariant under the action of a symmetry Lie group. As a consequence, we obtain that 
Lagrange-Poincare (Hamilton-Poincare) equations are the Euler-Lagrange (Hamilton) equa- 
tions associated with the corresponding Atiyah algebroid. Moreover, we prove that Lagrange- 
Poincare (Hamilton-Poincare) equations are the local equations defining certain Lagrangian 
submanifolds of symplectic Atiyah algebroids. 
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1 Introduction 



Lie algebroids have deserved a lot of interest in recent years. Since a Lie algebroid is 
a concept which unifies tangent bundles and Lie algebras, one can suspect their relation 
with Mechanics. In his paper [28J A. Weinstein (see also the paper by P. Libermann |15j). 
developed a generalized theory of Lagrangian Mechanics on Lie algebroids and obtained the 
equations of motion, using the linear Poisson structure on the dual of the Lie algebroid and 
the Legendre transformation associated with the Lagrangian L, when L is regular. In that 
paper, he also asks the question of whether it is possible to develop a formalism similar on Lie 
algebroids to Klein's formalism ^3] in ordinary Lagrangian Mechanics. This task was finally 
done by E. Martinez ^H] (see also [3J EH EH EHJ)- The main notion is that of prolongation 
of a Lie algebroid over a mapping, introduced by P.J. Higgins and K. Mackenzie [T2j. The 
purpose of the present paper is to give a description of Hamiltonian and Lagrangian dynamics 
on Lie algebroids in terms of Lagrangian submanifolds of symplectic Lie algebroids. 

One could ask about the interest to generalize Classical Mechanics on tangent and cotangent 
bundles to Lie algebroids. However, it is not a mere academic exercise. Indeed, if we apply 
our procedure to Atiyah algebroids we recover in a very natural way the Lagrange- Poincare 
and Hamilton-Poincare equations. In this case, the Lagrangian and Hamiltonian functions 
are not defined on tangent and cotangent bundles, but on the quotients by the structure Lie 
group. This fact is a good motivation for our study. 

The paper is organized as follows. In Section 2.1 we recall the notion of prolongation D ' E 
of a Lie algebroid r : E — > M over a mapping / : M' — > M; when / is just the 
canonical projection r, then C T E will play the role of the tangent bundle. We also consider 
action Lie algebroids, which permit to induce a Lie algebroid structure on the pull-back 
of a Lie algebroid by a mapping. The notion of quotient Lie algebroids is also discussed, 
and in particular, we consider Atiyah algebroids. In Section 2.2 we develop the Lagrangian 
formalism on the prolongation C T E starting with a Lagrangian function L : E — > R. 
Indeed, one can construct the Poincare-Cartan 1 and 2-sections (i.e. 9 L 6 T((C T E)*) and 
Wi G T(A 2 (£ T E)*), respectively) using the geometry of C T E provided by the Euler section 
A and the vertical endomorphism S. The dynamics is given by a SODE £ of C T E (that is, 
a section £ of C7E such that S£ = A) satisfying i^uJl = d CTE Ei, where El is the energy 
associated with L (along the paper d E denotes the differential of the Lie algebroid E). As 
in Classical Mechanics, L is regular if and only if ujl is a symplectic section, and in this case 
£ = £l is uniquely defined and a SODE. Its solutions (curves in E) satisfy the Euler-Lagrange 
equations for L. 

Sections 3.1-3.4 are devoted to develop a Hamiltonian description of Mechanics on Lie alge- 
broids. Now, the role of the cotangent bundle of the configuration manifold is played by the 
prolongation C T * E of E along the projection r* : E* — > M, which is the dual bundle of E. 
We can construct the canonical Liouville 1-section Xe and the canonical symplectic 2-section 
Qe on C T *E. Theorem 3.4 and Corollary 3.6 are the Lie algebroid version of the classical 
results concerning the universality of the standard Liouville 1-form on cotangent bundles. 
Given a Hamiltonian function H : E* — > R, the dynamics are obtained solving the equation 
i^ h VLe = d CT E H with the usual notations. The solutions of (curves in E*) are the ones 
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of the Hamilton equations for H. The Legendre transformation Legi : E — > E* associated 
with a Lagrangian L induces a Lie algebroid morphism CLegi '■ C T E — > C T * E, which per- 
mits in the regular case to connect Lagrangian and Hamiltonian formalisms as in Classical 
Mechanics. In Section 3.5 we develop the corresponding Hamilton- Jacobi theory; we prove 
that the function S : M — > R satisfying the Hamilton- Jacobi equation d E (H o d E S) = is 
just the action for L. 

As is well-known, there is a canonical involution <Jtm '■ TTM — > TTM defined by S. 
Kobayashi (|14j). In Section 4 we prove that for an arbitrary Lie algebroid r : E — ► M 
there is a unique Lie algebroid isomorphism o E : C T E — > p*{TE) such that a\ = id, 
where C T E is the prolongation of E by r, and p*(TE) is the pull-back of the tangent bundle 
prolongation Tr : TE — > TM via the anchor mapping p : E — ► TM (Theorem 4.4). Note 
that p*(TE) = C T E. We also remark that p*(TE) carries a Lie algebroid structure over E 
since the existence of an action of the tangent Lie algebroid Tr : TE — > TM on r. When 
E is the standard Lie algebroid TM we recover the standard canonical involution. 

In pp"! W.M. Tulczyjew has interpreted the Lagrangian and Hamiltonian dynamics as 
Lagrangian submanifolds of convenient special symplectic manifolds. To do that, Tulczyjew 
introduced canonical isomorphisms which commute the tangent and cotangent functors. 
Section 5 is devoted to extend Tulczyjew' s construction. First we define a canonical vector 
bundle isomorphism \>e* : C T * E — > (C T * E)* which is given using the canonical symplectic 
section of £ T *E. Next, using the canonical involution oe one defines a canonical vector 
bundle isomorphism Ae ■ C7* E — > (C T E)*. Both vector bundle isomorphims extend the 
so-called Tulczyjew's triple for Classical Mechanics. 

In Section 6 we introduce the notion of a symplectic Lie algebroid. The definition is the 
obvious one: Q is a symplectic section on a Lie algebroid r : E — > M if it induces a 
nondegenerate bilinear form on each fibre of E and, in addition, it is enclosed (d E Q = 0). 
In this case, the prolongation C T E is symplectic too. The latter result extends the well-known 
result which proves that the tangent bundle of a symplectic manifold is also symplectic. 

In Section 7 we consider Lagrangian Lie subalgebroids of symplectic Lie algebroids; the 
definition is of course pointwise. This definition permits to consider, in Section 8, the notion 
of a Lagrangian submanifold of a symplectic Lie algebroid: a submanifold i : S — ► E is 
a Lagrangian submanifold of the symplectic Lie algebroid r : E — > M with anchor map 
p : E — > TM if the following conditions hold: 

• dim(p(E T s ( x )) + (T x t s )(T x S)) does not depend on x, for all x G S; 

S 

• the Lie subalgebroid C T E of the symplectic Lie algebroid C T E, is Lagrangian; 

here r s = roi : S — ► M. The classical results about Lagrangian submanifolds in symplectic 
geometry are extended to the present context in the natural way. Also, we generalize the 
interpretation of Tulzcyjew; for instance, given a Hamiltonian H : E* — > R we prove 
that Sh = £,h{E*) is a Lagrangian submanifold of the symplectic extension £ T * E and 
that there exists a bijective correspondence between the admissible curves in Sh and the 
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solutions of the Hamilton equations for H. For a Lagrangian L : E — > R we prove that 
Sl = (A^ 1 ° d CT E L)(E) is a Lagrangian submanifold of C7* E and, furthermore, that there 
exists a bijective correspondence between the admissible curves in Sl and the solutions of the 
Euler-Lagrange equations for L. In addition, we deduce that for an hyperregular Lagrangian 
L, then S^ L = £,l(E) is a Lagrangian submanifold of the symplectic extension C T E, and, 
moreover, we have that CLegi{S^ L ) = Sl = Sh, for H = El ° Leg^ 1 - 

Finally, Sections 9.1-9.4 are devoted to some applications. Consider a (left) principal bundle 
7r : Q — > M with structural group G. The Lie algebroid tq\G : TQ/G — > M is called 
the Atiyah algebroid associated with it : Q — > M. One can prove that the prolongation 
£, t q\ g (TQ/G) is isomorphic to the Atiyah algebroid associated with the principal bundle 
7r T : TQ — > TQ/G, and, moreover, the dual vector bundle of C TQ ^ G (TQ/G) is isomorphic 
to the quotient vector bundle of titq '■ T*(TQ) — > TQ by the canonical lift action of G on 
T*(TQ). Similar results are obtained for cotangent bundles. In Section 9.2 (respectively, 
Section 9.3), we prove that the solutions of the Hamilton-Poincare equations for a G-invariant 
Hamiltonian function H : T*Q — > R (resp., the Lagrange-Poincare equations for a G- 
invariant Lagrangian L : TQ — > R) are just the solutions of the Hamilton equations (resp. 
the Euler-Lagrange equations) on T*Q/G for the reduced Hamiltonian h : T*Q/G — ► R 
(resp. on TQ/G for the reduced Lagrangian I : TQ/G — > R). Moreover, in Sections 9.2 
and 9.3 all these equations are reinterpreted as those defining the corresponding Lagrangian 
submanifolds. Finally, in Section 9.4 we show how our formalism allows us to obtain in a 
direct way Wong' s equations. 

Manifolds are real, paracompact and C°°. Maps are C°°. Sum over crossed repeated indices 
is understood. 



2 Lie algebroids and Lagrangian Mechanics 

2.1 Some algebraic constructions in the category of Lie algebroids 

Let E be a vector bundle of rank n over a manifold M of dimension m and r : E — > M be 
the vector bundle projection. Denote by T(E) the C°°(M)-module of sections of r : E — > M. 
A Lie algebroid structure ([•>•], p) on E is a Lie bracket [•, •] on the space T(E) and a bundle 
map p : E — > TM, called the anchor map, such that if we also denote by p : T(E) — > X(M) 
the homomorphism of C°°(M)-modules induced by the anchor map then 

lX,fY]=flX,Y]+p(X)(f)Y, 

for X,Y G T(E) and / G C°°(M). The triple (E, [•, ■], p) is called a Lie algebroid over M 
(see HE|). 

If (-£/,[•,•], p) is a Lie algebroid over M, then the anchor map p : T(E) — > X(M) is a 
homomorphism between the Lie algebras (T(E), [•,•]) and (X(M), [•,•]). 

Trivial examples of Lie algebroids are real Lie algebras of finite dimension and the tangent 
bundle TM of an arbitrary manifold M. 
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Let (E, [•, ■}, p) be a Lie algebroid over M. We consider the generalized distribution T E on 
M whose characteristic space at a point x G M is given by 

F E {x) = p(E x ) 

where E x is the fiber of E over x. The distribution J-^ is finitely generated and involutive. 
Thus, J rE defines a generalized foliation on M in the sense of Sussmann PI - T E is tfce Lze 
algebroid foliation on M associated with £\ 

If (E, [•,•], p) is a Lie algebroid, one may define t/ie differential of E, d E : r(A fc .E*) — ► 
r(A fc+1 E*), as follows 

k 

d E p(x ,---,x k ) = J2(- 1 ) i p( x ^( x ^---,x i ,---,x k )) 

i=o (2.1) 
+ ^(-l) i+ V([X, X,-], X , • • • , X h ■ ■ ■ , X h ■ ■ ■ , X k ), 

i<j 

for fi G T(A k E*) and X ,...,X k G T(E). It follows that (d £ ) 2 = 0. Moreover, if X is a 
section of E, one may introduce, in a natural way, the Lie derivative with respect to X , as 
the operator £f : T(A k E*) -> r(A fc £*) given by 

£| = i x od E + d E oi x . 



Note that if £ = TM and IgT(£) = X(M) then d™ and C X M are the usual differential 
and the usual Lie derivative with respect to X, respectively. 

If we take local coordinates (x l ) on M and a local basis {e a } of sections of E, then we 
have the corresponding local coordinates (x l ,y a ) on E, where y a (a) is the a-th coordinate 
of a G E in the given basis. Such coordinates determine local functions p l a , C2g on M which 
contain the local information of the Lie algebroid structure, and accordingly they are called 
the structure functions of the Lie algebroid. They are given by 

• d 

P( e ») = Pag^I aIld I e «' e pl = C ll3 6 J- 

These functions should satisfy the relations 

• dp l p . dpi _ . 



and 



dx 

cyclic(a,[3,-y) 

which are usually called the structure equations. 



QQV 

E {P^ + C ^ = > ( 2 - 3 ) 
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If / G C°°(M), we have that 



1 dx* Pa ' 



(2.4) 



where {e a } is the dual basis of {e a }. On the other hand, if 9 G T(E*) and 9 = ^e 7 it follows 
that 

^ = (^-fe)^el (2.5) 



In particular, 



On the other hand, if (E, [-,-], p) and (F', [■,■]', p') are Lie algebroids over M and M', 
respectively, then a morphism of vector bundles (F, f) of E on F' 



F' 



M 



f 



T 



M' 



is a Lie algebroid morphism if 

d E ((F, /) V) = (F, /)*(d s >0, for 0' g r(A fc (F7). 
Note that (F, /)*</>' is the section of the vector bundle A k E* — > M defined by 

((F, /)V)a:(ai, . . . , a fc ) = ^(FCai), . . . , F(a k )), 
for x G M and ai, . . . , aj. G E x . We remark that (|2.6|) holds if and only if 

^(^' o /) = (F, /)*(d E V), for </ e C°°(M'), 
d E ((F, /)V) = (F, /)*(d s V), for «' G T((F')*). 



(2.6) 



(2.7) 



If M = M' and / = id : M — > M then, it is easy to prove that the pair (F, id) is a Lie 
algebroid morphism if and only if 

F{X, Yj = [FX, FY}', p'(FX) = p{X) 

for X,Y G T(F). 

Other equivalent definitions of a Lie algebroid morphism may be found in [T2*j . 

Let (F, [•, •], p) be a Lie algebroid over M and F* be the dual bundle to F. Then, F* admits 
a linear Poisson structure A^., that is, is a 2- vector on F* such that 

[A E *,A E *] = 
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and if y and y' are linear functions on E*, we have that Az*(dy, dy') is also linear function 
on E*. If (x l ) are local coordinates on M, {e a } is a local basis of T(E) and (x l , y a ) are the 
corresponding coordinates on E* then the local expression of is 

where and CZg are the structure functions of E with respect to the coordinates {x l ) and 
to the basis {e a }. The Poisson structure Ag* induces a linear Poisson bracket of functions 
on E* which we will denote by { , } E *- In fact, if F, G G C°°(i?*) then 

= A.E*(d TE * F,d TE * G). 

On the other hand, if / is a function on M then the associated basic function f v G C°°(E*) 
defined by / is given by 

r = for*. 

In addition, if X is a section of E then the linear function X G C°°(E*) defined by X is 
given by 

X(a*) = a*(X(r*(a*))), for all a* G £*. 
The Poisson bracket { , }e* is characterized by the following relations 

{f, 9 v }e* = 0, {X, g v } E * = (p(X) g y, and {X, Y} E * = (X^Yj , (2.9) 

for X, Y G r(£) and f,gE C°°(M). 

In local coordinates (x l ,y a ) on i?* we have that 

{x\x 3 } E * =0 {y«,a^}jg. = pj, and {y Q , y^} B . = ^Cjg, 

(for more details, see [Z1IH1)- 



2.1.1 The prolongation of a Lie algebroid over a smooth map 

In this section we will recall the definition of the Lie algebroid structure on the prolongation 
of a Lie algebroid over a smooth map. We will follow (see Section 1 in [T2"]). 

Let (E, [•, •],/>) be a Lie algebroid of rank n over a manifold M of dimension m and / : 
M' — > M be a smooth map. 

We consider the subset O E of E x TM' defined by 

CjE = {(b,v') eEx TM'/pib) = (Tf)(v')} 

where Tf : TM —>■ TM' is the tangent map to /. 
Denote by t* : C^E — > M' the map given by 

T f(b,v')=T M ,(v'), 



8 



for (b, v') £ £f E, tm< '■ TM' — > M' being the canonical projection. If x' is a point of M', it 
follows that 

(r^V) = (£fE) x , = {(b,v') £ Efw x T x ,M'/p(b) = {T x ,f)(v')} 

is a vector subspace of Efr x n x T x /M', where Ef^ is the fiber of E over the point f(x') £ M. 
Moreover, if m' is the dimension of M', one may prove that 

dim(£ f E) x , =n + m'- dim{p{E f{x/) ) + (T x , f)(T x ,M')). 

Thus, if we suppose that there exists c £ N such that 

dim(p(E nx/) ) + (T x ,f)(T x ,M')) = c, for all x' £ M', (2.10) 

then we conclude that £?E is a vector bundle over M' with vector bundle projection r' : 
CJE -> M'. 

Remark 2.1 If p and T(/) are transversal, that is, 

+ (T x ,f)(T x ,M') = T fW) M, for all x' £ M', (2.11) 

then it is clear that ()2.10j) holds. Note that if E is a transitive Lie algebroid (that is, p is 
an epimorphism of vector bundles) or / is a submersion, we deduce that ()2.11j) holds. 

Next, we will assume that condition ()2.10j) holds and we will describe the sections of the 
vector bundle r-* : £?E — > M' . 

Denote by f*E the pullback of E over /, that is, 

f*E = {(x',b) e M' x E/f(x') = r(b)}. 
f*E is a vector bundle over M' with vector bundle projection 

pri : f*E -> M', (x', 6) £ /*£ -> x' £ M'. 
Furthermore, if a is a section of pri : f*E —> M' then 

for suitable h[ £ C°°(M') and X< 6 

On the other hand, if X A is a section of the vector bundle : /^i? — > M', one may prove 
that there exists a unique a £ T(f*E) and a unique X' £ X(M') such that 

{T x ,f){X'{x')) = p(a(x')), for all x' £ M', (2.12) 

and X A (x') = (a(x'),X'(x')). Thus, 

X A (x') = (K(x')X t (f(x')),X'(x')) 

9 



for suitable h\ £ C°°(M'),Xi £ T(E) and, in addition, 

(T x ,f)(X>(x')) = K(x')p(X l )(f(x')). 

Conversely, if a £ T(f*E) and X £ X(M') satisfy condition (EHU then the map X A : M' -> 
£^.E given by 

X A (x') = (^(x'), X'(x')), for all x' £ M', 
is a section of the vector bundle t* : £-^-E — > M' . 

Now, we consider the homomorphism of C°°(M')-modules p* : T(C^E) — > X(M') and the 
Lie bracket [•, : T(C f E) x r(£^£) -> T(C f E) on the space r(£'£) defined as follows. If 
X A = (a,X') £ r(/*S) x X(M') is a section of r f : £'£ -> M' then 

p'(X A ) = X' (2.13) 

and if (^(Xi o /), X') and (s'^Yj o /), Y') are two sections of t s : £'£ -> M', with h' i: s$ £ 
C°°(M'), X h Yj £ r(E) and X', F' £ X(M'), then 

miXoflX^WYjoflY')]* = (h^dX^Yjlo^+X'is'^Yjof) 

-Y'ih'^ofWX'X]). 

The pair ([•, -]^,p^) defines a Lie algebroid structure on the vector bundle : £^£' — > M' 
(see H2|). 

(C^E, [•, -]^, p-^) is the prolongation of the Lie algebroid E over the map f (the inverse-image 
Lie algebroid of E over f in the terminology of [T2"]). 

On the other hand, if pr\ : CJ E — > is the canonical projection on the first factor then the 
pair (pr 1; /) is a morphism between the Lie algebroids (&E, {-, , p?) and (E, {-, -],p) (for 
more details, see [T2"]). 



2.1.2 Action Lie algebroids 

In this section, we will recall the definition of the Lie algebroid structure of an action Lie 
algebroid. We will follow again [T2"] . 

Let (E, [•, -],p) be a Lie algebroid over a manifold M and / : M' — > M be a smooth map. 
Denote by the pull-back of E over /. /*.E is a vector bundle over M' whose vector bundle 
projection is the restriction to f*E of the first canonical projection pr\ : M' x E — > M'. 

However, is not, in general, a Lie algebroid over M'. 

Now, suppose that \I/ : r(£J) — > X(M') is an action of E on /, that is, \I/ is a R-linear map 
which satisfies the following conditions: 

(i) *{hX) = {hof)*X, 

(ii) nx,Y] = [VX,*Y], 
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(iii) VX(hof) = p(X)(h)of, 



for 1,7 6 F(E) and h G C°°(M). The action \l/ allows us to introduce a homomorphism 
of C°°(M')-niodules p* : r(/*£) -> X(M') and a Lie bracket [•, : r(/*£7) x r(/*£) -> 
F(f*E) on the space T(f*E) defined as follows. If er = /i-(Xj o /) and 7 = Sj-(lj o /) are 
sections of f*E, with h' { , s'j G C°°(M') and X h Yj ET(E), then 

[a, 7]* = ^■([Xi.^lo/J + ^XiK^o/) 

The pair ([•, -]$,p$) defines a Lie algebroid structure on f*E. The corresponding Lie alge- 
broid is denoted by E K M' or E x f and we call it an action Lie algebroid (for more details, 
see H2|). 

Remark 2.2 Let (E, [-, -],p) be a Lie algebroid over a manifold M. 

(i) v4 Lie subalgebroid is a morphism of Lie algebroids j : F —>■ E,i : N ^ M such that 
the pair (J, i) is a monomorphism of vector bundles and % is an injective inmersion (see 

E2|). 

(ii) Suppose that / : M' — > M is a smooth map and that \I> : T(i?) — > X(M') is an action 
of E on /. The anchor map p^ of f*E induces a morphism between the vector bundles 
f*E and TM' which we will also denote by p<j,. Thus, if O E is the prolongation of E 
over /, we may introduce the map 

(id E ,p*):f*E^£ f E, 

given by 

(idE, py)(x',a) = (a, p^(x', a)), 

for (x',a) G C {x'} x E f(x ,), with x' G Af'. Moreover, if id M > ■ M' -»• M' 

is the identity map then, it is easy to prove that the pair ((idE, p<&),idM') is a Lie 
subalgebroid. In fact, the map (id E ,p^,) : f*E — ► is a section of the canonical 
projection 

(td E ,r M ,):£fE^ f*E 

defined by 

(idE,T M ')(a,X x/ ) = (x',a) 
for (a,X^) G (£ f E) x , C £ /(a;0 x T X ,M', with x' G M'. 
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2.1.3 Quotient Lie algebroids by the action of a Lie group 



Let 7r : Q — > M be a principal bundle with structural group G. Denote by (p : G x Q 
the free action of G on Q. 



Q 



Now, suppose that E is a vector bundle over Q of rank n, with vector bundle projection 
f : E ^ Q and that : G x i£ — > E is an action of G on i? such that: 



z) For each g <E G, the pair 
following diagram 



J gi Yg, 



induces an isomorphism of vector bundles. Thus, the 



E 



Q 



E 



Q 



is commutative and for each q G Q, the map 



E 



<M<?) 



is a linear isomorphism between the vector spaces E q and E^,r q y 

ii) E is covered by the ranges of equivariant charts, that is, around each go G Q there is a 
7r-satured open set U = 7r — 1 (?7) , where U C M is an open subset with xo = vr(g ) G U 
and a vector bundle chart (p : C/ x W 1 — > f _1 (f/) for E which is equivariant in the sense 
that 

= <l>g(<P(q,P)) 

for all p e G, g G f/ and p G M n . 

Under the conditions i) and ii) , the orbit set E = E/G has a unique vector bundle structure 
over M = Q/G of rank n such that the pair (#, 7r) is a morphism of vector bundles and 
7r : — > = E'/G is a surjective submersion, where n : E ^ E = E/G is the canonical 
projection. The vector bundle projection r = f\G : £7 — > M of is given by 



T U 



for u (El E. 



Moreover, if q G Q and 7r(g) = x then the map 

£7™ 



u 



u 



is a linear isomorphism between the vector spaces E q and E x . 

We call (E,t,M) the quotient vector bundle of (E,f,Q) by the action of G (see |16j). 

On the other hand, a section X : Q ^ E of f : E —> Q is said to be invariant if the map X 
is equivariant, that is, the following diagram 
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Q 



x 



E 



Q 



X 



E 



is commutative, for all g G G. 



G 



We will denote by T(E) G the set of invariant sections of the vector bundle r : E — > Q. T(E) 
is a G°°(M)-module where 

fX = (f o vr)X, for / G G°°(M) and X G r(£) G . 

Furthermore, there exists an isomorphism between the G°°(M)-modules T(E) and T(E) G . 
In fact, if X G T(E) G then the corresponding section X G is given by 

X(x) = Tr(X(q)), for x G M, 

with q E Q and 7r(g) = x (for more details, see [To]). 



Examples 2.3 (a) Suppose that E = TQ and that <fi : G x TQ — > TQ is the tangent lift 
4> T of defined by 

0j = T0 g , for all g E G. 

Then, <p T satisfies conditions i) and ii) and, thus, one may consider the quotient vector 
bundle (E = TQ/G, t q \G, M) of (TQ, t q , M) by the action of G. The space Y(TQ/G) may 
be identified with the set of the vector fields on Q which are G-invariant. 

(b) Assume that E = T*Q and that <p : G x T*Q — ► T*Q is the cotangent lift T * of 
defined by 

0j* =T*(j) g -i, for all g <E G. 

Then, T * satisfies conditions z) and ii) and, therefore, one may consider the quotient 
vector bundle (T*Q/G, itq\G, M) of (T*Q,ttq,Q) by the action of G. Moreover, if (tq\G)* : 
(TQ/G)* — > M is the dual vector bundle to tq|G : TQ/G — > M it is easy to prove that the 
vector bundles (tq\G)* : (TQ/G)* -> M and vr Q |G : T*Q/G -> M are isomorphic. 

(c) Suppose that g is the Lie algebra of G, that E is the trivial vector bundle pri : Q x g — >• Q 
and that the action cf) = (<f), Ad) of G on Q x q is given by 

(0, = (^(?), ^0, forgeG and (g, G Q x fl , (2.15) 

where Ad : G x g — > g is the adjoint representation of G on g. Note that the space T(Q x g) 
may be identified with the set of ir- vertical vector fields on Q. In addition, <ft satisfies 
conditions i) and ii) and the resultant quotient vector bundle pr\\G : g = (Q x g)/G — >■ 
M = Q/G is just i/ie adjoint bundle associated with the principal bundle it : Q — ► M. 
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Furthermore, if for each £ e g, we denote by £q the infinitesimal generator of the action 
associated with £, then the map 

j-.Q^TQ/G, [(?,£)] -[&(?)] 

induces a monomorphism between the vector bundles and TQ/G. Thus, g may be con- 
sidered as a vector subbundle of TQ/G. In addition, the space r(g) may be identified with 
the set of vector fields on Q which are vertical and G-invariant (see [To]). 

Remark 2.4 a) The tangent map to 7r, T7r : TQ — > TM, induces an epimorphism [Tir] : 
TQ/G — > TM, between the vector bundles TQ/G and TM and, furthermore, imj = 
ker[T7r]. Therefore, we have an exact sequence of vector bundles 

3 > TQ/G ^ . TM 

which is just t/ie Atiyah sequence associated with the principal bundle it : Q — > M (for more 
details, see [T6]). 

6) Recall that if tc : Q — > M is a principal bundle with structural group G then a principal 
connection A on Q is a Lie algebra valued one form A : TQ — > g such that: 

(i) For all £ e g and for all g G Q, v4(£q(g/)) = £, and 

(ii) ^4 is equivariant with respect to the actions <ft T : G x TQ — > TQ and Ac? : G x g — >• g. 

Any choice of a connection in the principal bundle i\ : Q — ► M determines an isomorphism 
between the vector bundles TQ/G ^ M and TM © g -> M. In fact, if A : TQ -> g is a 
principal connection then the map : TQ/G — > TM © g defined by 

J A [X g ] = (T q n)(X q ) © [(g, A(l 3 ))] (2.16) 

for X q G TgQ, is a vector bundle isomorphism over the identity id : M — > M (see I16j). 

Next, using the principal connection A, we will obtain a local basis of Y(TQ/G) = T(TM© 
g) = X(M) © T(g). First of all, we choose a local trivialization of the principal bundle 
7r : Q — >• M to be U x G, where C/ is an open subset of M. Thus, we consider the trivial 
principal bundle it : U x G — > £7 with structural group G acting only on the second factor 
by left multiplication. Let e be the identity element of G and assume that there are local 
coordinates (x l ) in U and that {£ a } is a basis of g. Denote by {£f } the corresponding 
left- invariant vector fields on G, that is, 

^(g) = (T e L g )(Q, for g EG, 

where L g : G — > G is the left translation by g, and suppose that 

UJj \(x,e) 
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d 

for i G {1, . . . , mi and x G C/. Then, the horizontal lift of the vector field — — on U is the 

vector field (tt-)' 1 on [/ x G given by 

ax* 

y dx iJ dx l iqa ' 
Therefore, the vector fields on U x G 

{^ = ^-^,e b = tf} (2.17) 

are G-invariant and they define a local basis {e^,e' b } of T(TQ/G) = X(M) © r(jj). We will 
denote by (x l ,y\y b ) the corresponding fibred coordinates on TQ/G. In the terminology of 

y % = x\ y b = v b , for % G {1, ... , to} and b G {1, . . . , n}. 
Now, we will return to the general case. 

Assume that tt : Q — > M is a principal bundle with structural group G, that E is a vector 
bundle over Q of rank n with vector bundle projection f : E —>■ Q and that <f) : G x E —>■ E 
is an action of G on £ which satisfies conditions i) and ii). Denote by <p : G x Q —>■ Q the 
free action of G on Q. 

We will also suppose that ([•,•], p) is a Lie algebroid structure on f : i£ — > Q such that the 
space T(E) G is a Lie subalgebra of the Lie algebra (T(E), {■,-] ). Thus, one may define a Lie 
algebra structure 

l;-]:T(E)xT(E)^T(E) 

on T(E). The Lie bracket [■, •] is the restriction of [■, ■]" to T(E) G = T(E). 

On the other hand, the anchor map p : E — > TQ is equivariant. In fact, if X G T(E) G , 
f G C°°(M) and Y eT(E) G then 

[X, (/ o 7r)Y]~ = (/ o tt) [X, Ff + p(X) (/ o tt)F 

is an invariant section. This implies that the function p(X)(f o tt) is projectable, that is, 
there exists p(X)(f) G C°°(M) such that 

p(A > )(/ovr)=p(X)(/)ovr, V/ G C°°(M). 

The map p(X) : C°°(M) -> C°°(M) defines a vector field p(X) on M and p(X) is vr- 
projectable onto p(X). 

This proves that p : E TQ is equivariant and, therefore, p induces a bundle map p : E = 
E/G — > TM = T(Q/G) such that the following diagram is commutative 



7T 
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Moreover, it follows that the pair ([•,•], p) is a Lie algebroid structure on the quotient vector 
bundle r = f|G : E = E/G — > M — Q/G. In addition, from the definition of ([-,-], p), 
one deduces that the pair (7r, tt) is a morphism between the Lie algebroids (E, [•, •] , p) and 
&,[;•], p). 

We call (E, [•, -],p) the quotient Lie algebroid of (E, [-, ■] , p) by the action of the Lie group 
G ( a more general definition of a quotient Lie algebroid may be found in [T2"]). 

Examples 2.5 (i)Assume that E = TQ and that is the tangent action T : G x TO; — > 
TQ. Consider on the vector bundle tq : TQ — > G; the standard Lie algebroid structure 
([■,■], id). Since the Lie bracket of two G-invariant vector fields on Q is also G-invariant, we 
obtain a Lie algebroid structure ([•,•], p) on the quotient vector bundle tq\G : E = TQ/G — > 
M = Q/G. We call (E = TQ/G, [•, -],p) the Atiyah algebroid associated with the principal 
bundle tc : Q — > M (see |16j). 

(ii) Suppose that E is the trivial vector bundle pr x : Q x g — > Q. The space r(Q x g) 
is isomorphic to the space of 7r-vertical vector fields on Q and, thus, F(Q x g) is a Lie 
subalgebra of (X(Q), [•,•]). This implies that the vector bundle pr x :Qxg->j admits a Lie 
algebroid structure ([•,•] , p). On the other hand, denote by (0, Ad) the action of G on Q x g 
given by (j2.15|) . Then, the space Y{Q x g) G is isomorphic to the space X V (Q) G of 7r-vertical 
G-invariant vector fields on Q. Since X V (Q) G is a Lie subalgebra of (X(Q), [■, ■]), one may 
define a Lie algebroid structure on the adjoint bundle pri\G : g = (Q x fl)/G — > M = Q/G 
with anchor map p = 0, that is, the adjoint bundle is a Lie algebra bundle (see [EJ). 

Now, let A : TQ — > g be a connection in the principal bundle 7r : Q — > M and i? : TQ®TQ — > 
g be the curvature of A. Using the principal connection A one may identity the vector 
bundles E = TQ/G — > M = Q/G and TM©g -> M, via the isomorphism I A given by (PHEJ). 
Under this identification, the Lie bracket [■, ■] on T(TQ/G) ^ T(TM©g) = X(M)®X V (Q) G 
is given by 

[X ®i,Y®fj] = [X, Y] © ([I fj] + [X\ fj] - [Y h , £] - B(X h , Y h )), 

for X,Y e X(M) and £,fj e X V (Q) G , where X h G X(Q) (respectively, Y h G X(Q)) is the 
horizontal lift of X (respectively, Y), via the principal connection A (see The anchor 
map p : T(TQ/G) = X(M) © X^(Q) G -> X(M) is given by 

P (x®i) = x. 

Next, using the connection A, we will obtain the (local) structure functions of (E, [-, -],p) 
with respect to a local trivialization of the vector bundle. 

First of all, we choose a local trivialization U x G of the principal bundle 7r : Q — *• M, where 
{7 is an open subset of M such that there are local coordinates (x l ) on U. We will also 
suppose that {£ a } is a basis of g and that 



-^kJ = A ' (x)i "' 



(2.18) 
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for i,j G {1, . . . ,m} and x G U. If c c ab are the structure constants of g with respect to the 
basis {£ a } then 

dA c dA c , 

B?, = — 4 - ^ 4 - c^4M . 2.19 

Moreover, if {e^, e£,} is the local basis of T(TQ/G) considered in Remark 12.41 (see (|2.17j) ) 
then, using ()2.19|1 . we deduce that 

bi, 41 = -Btje' c , [e'i, e' a \ = c c ab A\e' c , [e' a , e' b j = c c ab e' c , 

for i,j G {1, . . . , m} and a, b G {1, . . . , n}. Thus, the local structure functions of the Atiyah 
algebroid tq\G : E = TQ/G — > M = Q/G with respect to the local coordinates (x l ) and to 
the local basis {e-, e' a } of T(TQ/G) are 



~~ ~~ ^ai — ^ab ~ U ' ^ij ~ D iji ^ia ~ ^ai ~ ^ab^ii u od ~~ ^ahl Icy oq\ 

r? = R- ■ n a = rf = n b = f) ' 



On the other hand, as we know the dual vector bundle to the Atiyah algebroid is the 
quotient vector bundle hq\G : T*Q/G — > M = Q/G of the cotangent bundle 7Tq : T*Q — ► G; 
by the cotangent action r * of G on T*G; (see Example 12 .3|) . Now, let f^g be the canonical 
symplectic 2-form of T*Q and Atq be the Poisson 2- vector on T*Q associated with Qq. If 
(q a ) are local coordinates on Q and (q a ,p a ) are the corresponding fibred coordinates on T*Q 

Q TQ = dq a A d Pa , A ^Q = ^A— . 

Note that Atq is the linear Poisson structure on T*Q associated with the standard Lie 
algebroid tq : TQ — > Q. In addition, it is well-known that the cotangent action T * is 
symplectic, that is, 
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:(T*Q,n TQ )^(T*Q,n TQ ) 



is a symplectomorphism, for all g G G. Thus, the 2-vector Atq on TQ is G-invariant and it 
induces a 2-vector Atq on the quotient manifold T*Q/G. Under the identification between 
the^vector bundles (tq\G)* : E* = {TQ/G)* -> M = Q/G and tt q \G : T*Q/G —> M = Q/G, 
Atq is just the linear Poisson structure A^ = A T q/g on i£* = (TQ/G)* associated with the 
Atiyah algebroid tq\G : TQ/G — > M = Q/G. If (of, x l , -y a ) are the local coordinates on 
the vector bundle TQ/G considered in Remark 12.41 and (x t ,pi,p a ) are the corresponding 
coordinates on the dual vector bundle (TQ/G)* = T*Q/G then, using flZH) and we 
obtain that the local expression of A T q/g is 

T Q/ G Qp. Q x i oh I C q-^ 

I , r _ d d „ r _<9 d . 
+ o ( c abPcW~ A — B^p c — A — . 
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2.2 Lagrangian mechanics on Lie algebroids 



In this section, we will recall some results about a geometric description of Lagrangian 
Mechanics on Lie algebroids which has been developed by Martinez in [TH] . 

2.2.1 The prolongation of a Lie algebroid over the vector bundle projection 

Let (E, [•, •], p) be a Lie algebroid of rank n over a manifold M of dimension m and r : E —>■ 
M be the vector bundle projection. 

If / G C°°(M) we will denote by f c and f v the complete and vertical lift to E of /. f c and 
f v are the real functions on E defined by 

r(a)=p(a)(f), r(a) = /(r(o)), (2.21) 

for all a E E. 

Now, let X be a section of E. Then, we can consider the vertical lift of X as the vector field 
on E given by 

X v (a) = X(t(o))1, for a G £, 

where v a : E T ( a \ — ► T a ( y E T u)) is the canonical isomorphism between the vector spaces -E T ( a ) 
and T a (£ T(a) ). 

On the other hand, there exists a unique vector field X c on i?, i/ie complete lift of X , 
satisfying the two following conditions: 

(i) X c is r-projectable on p(X) and 

(ii) X c (a) = C%a, 

for all a G T(E*) (see [101 EH)- Here, if (3 G r(i?*) then /3 is the linear function on E defined 
by 

(3(b) = (3(r(b))(b), foraWbeE. 

We have that (see [El HI]) 

[X c , Y c ] = [X, Yf, [X c , Y v ] = {X, Yf, [X v , Y v ) = 0. (2.22) 

Next, we consider the prolongation C T E of E over the projection r (see Section P2.1.1|) . C T E 
is a vector bundle over E of rank 2n. Moreover, we may introduce the vertical lift X v and 
the complete lift X c of a section X G T(E) as the sections of C T E — > given by 

X v (a) = (0,X"(a)), X c (a) = (X(r(a)),X c (a)) (2.23) 

for all a £ E. If {X} is a local basis of T(E) then {X/, Xf} is a local basis of T(C T E) (see 

EE!)- 
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Now, denote by ([-, ■} T ,p T ) the Lie algebroid structure on C T E (see Section I2.1.1JI . It follows 
that 

[X c , Y c f = [X, Yf, [X c , Y v j T = {X, Yf, [X v , r v f = 0, 

//(X c )(/ C ) = (p(X)(/)) c , p^(X c )(r) = (p(X)(/)r, (2.24) 

P -(x v )(/ c ) = (p(x)(f)y, p T (x^)(n = o, 

for X,Y G T(E) (see [IE!). 

Other two canonical objects on C T E are t/ie Euler section A and i/ie vertical endomorphism 
S. A is the section of C T E E defined by 

A(a) = (0,<), for alia g£ 

and S is the section of the vector bundle (£ T E) © (C T E)* — > characterized by the following 
conditions 

5(X V ) = 0, S(X C ) = X v , 

for X G r(£). 

Finally, a section £ of /^Tv — ► E is said to be a second order differential equation (SODE) 
on E if = A (for more details, see [T5]). 



Remark 2.6 If i£ is the standard Lie algebroid TM, then £ r Tv = T(TM) and the Lie alge- 
broid structure ([■, -} T , p T ) is the usual one on the vector bundle T(TM) — > TM. Moreover, 
A is the Euler vector field on TM and S is the vertical endomorphism on TM. 



Remark 2.7 Suppose that {x l ) are coordinates on an open subset U of M and that {e a } 
is a basis of sections of t _1 ({7) — > [/. Denote by (x l ,y a ) the corresponding coordinates on 
r _1 (£7) and by p l a and CZg the corresponding structure functions of E. If X is a section of 
E and on U 

X = X a e Q 

then X v and X c are the vector fields on E given by 





X v = X . 

dy a 

f> r)X a r) 

* c = x^ a — + {p\^--x^X-, 



(2.25) 



In particular, 



9 c j ^ p d 



^ = ^ e ~ = P^- C >^- ( 2 - 26 ) 



On the other hand, if V a , T a are the sections of C T E defined by V a = T a = e c a then 



X v = X a V a , 

dX^ . ™, (2-27) 

7/3 dx* 



X c = (^_/)V a + A: T a . 
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Thus, 



dC 1 



[T a ,v P r = c:,v„ ( 2 - 28 ) 

[v a ,Vp\ T = °- 

The local expression of A and S are the following ones 

A = y a V a , S = T a (g)V a , (2.29) 

where {T a , V a } is the dual basis of {T a , V a }. Thus, a section £ of C T E is a SODE if and 
only if the local expression of £ is of the form 

i = y a T a + cv m 

where £ a are arbitrary local functions on E. 
Note that 

d f ~ [Pa dx* C <# V dy^ } + dy- ' 
d c^E T1 = -holpT a AT", (2.30) 

d CTE vl = _^^l y S^ T a AT /3 + d p T a AV* 3 , 

for / G C°°(E) and 7 G {l,...,ra}. 

We also remark that there exists another local basis of sections on CE. In fact, we may 
define the local section T a as follows 

f a (a) = (e a {r{a))J a ^- ), for all a G t~\U). (2.31) 

OX \a 

Then, {T a , V a = V a } is a local basis of sections of C T E. 
Note that 

f a = T a + CT af) y% (2.32) 

and thus, 

[f„,7>r = c5jf 7 , [r„,w = o, [v-„,v>]' = o, 

^.)=^, = (2 ' 33) 

for all ct and /3. Using the local basis {T Q ,T4} one ma Y introduce, in a natural way, local 
coordinates (x l ,y a ; z a ,v a ) on £ r E. If uo is a point of t t (t~ 1 (U)) (t t : £ r _E — > E being the 
vector bundle projection) then (x l ,y a ) are the coordinates of the point r r (c<j) G t _1 (?7) and 

w = z a f a (r T H) + u Q y a (r T H). 

In addition, the anchor map p T is given by 

p T {x\ y a - z a , v a ) = (x\ y a - p^z a , v a ) (2.34) 
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and if {T 7 , V 1 } is the dual basis of {T 7 , V^} then 

S = f a <g> V Q . (2.35) 

and 



7 da* (2.36) 



2.2.2 The Lagrangian formalism on Lie algebroids 

Let (E, [•,•], p) be a Lie algebroid of rank n over a manifold M of dimension m and L : E — > R 
be a Lagrangian function. 

In this section, we will develop a geometric framework, which allows to write the Euler- 
Lagrange equations associated with the Lagrangian function L in an intrinsic way (see |18j). 

First of all, we introduce the Poincare-Cartan 1-section 9l G T((£ t E)*) associated with L 
defined by 

6 L (a)(X a ) = (d CTE L(a))(S a (X a )) = p T (S a (X a ))(L) (2.37) 

for a G E and X a G (C T E) a , (C T E) a being the fiber of C T E — > E over the point a. Then, 
the Poincare-Cartan 2-section ujl associated with L is, up to the sign, the differential of 
9l, that is, 

UL = -d CTE 9 L (2.38) 

and the energy function El is 

E L = p T (A)(L)-L. (2.39) 

Now, let 7 : / = (—s,s) C K -> E be a curve in E. Then, 7 is a solution of the Euler- 
Lagrange equations associated with L if and only if: 

(i) 7 is admissible, that is, (j{t)jj(t)) G (£ T .E) 7 (t), for all t. 

(ii) i(j(t)Mt))Ml(-t)) = {d CTE E L ){-f{t)), for all t. 

If (x l ) are coordinates on M, {e a } is a local basis of T(E), (x l ,y a ) are the corresponding 
coordinates on E and 

1 (t) = (x\t),y a (t)), 
then, 7 is a solution of the Euler-Lagrange equations if and only if 

for % G {1, . . . , m} and a G {1, . . . , n}, where p l a and C2g are the structure functions of the 
Lie algebroid E with respect the coordinates {x l ) and the local basis {e a } (see Section !^. 
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In particular, if £ G T(C T E) is a SODE and 



i^ L = d CTE E L (2.41) 

then the integral curves of £, that is, the integral curves of the vector field p T (£) are solutions 
of the Euler-Lagrange equations associated with L. 

If the Lagrangian L is regular, that is, u>l is a nondegenerate section then there exists a 
unique solution fa of the equation (j2.41|) and fa is a SODE. In such a case, £^ is called the 
Euler-Lagrange section associated with L (for more details, see [T8]). 

If is the standard Lie algebroid TM then 61 (respectively, ujl and is the usual 
Poincare-Cartan 1-form (respectively, the usual Poincare-Cartan 2-form and the Lagrangian 
energy) associated with the Lagrangian function L : TM — > R. In this case, if L : TM — > M 
is regular, fa is the Euler-Lagrange vector field. 

Remark 2.8 Suppose that (x l ) are coordinates on M and that {e a } is a local basis of 
sections of E. Denote by (x\y a ) the corresponding coordinates on E, by p l a and CZg the 
corresponding structure functions of E and by {T a , V a } the local basis of T(C r E) considered 
in Remark 12.71 

If {f a , V a } is the dual basis of {f a , V a } then 

o, = 



dy a dyP K 2dyf a/3 Fa dx i dy< i 

El = ^V a -L. 
dy a * 

Thus, the Lagrangian L is regular if and only if the matrix (W a p) = ( — a ^ ^ ) is regular. 
Moreover, if L is regular then the Euler-Lagrange section fa associated with L is given by 

BT f) 2 T BT 

U = W. + ^(^5- - + (2.42) 



where (W alS ) is the inverse matrix of (W c 



a/3) 



3 Lie algebroids and Hamiltonian mechanics 

3.1 The prolongation of a Lie algebroid over the vector bundle 
projection of the dual bundle 

Let (E, [•, -],p) be a Lie algebroid of rank n over a manifold M of dimension m and r* : 
E* — > M be the vector bundle projection of the dual bundle E* to E. 
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We consider the prolongation C T E of E over r*, 



C*E = {{b,v) EEx TE*/p{b) = {Tt*){v)}. 

C T * E is a Lie algebroid over E* of rank 2n with Lie algebroid structure ([•, -] r * , p T *) defined 
as follows (see Section I2.1.1J) . If (f-(Xi o r*),X') and (s'j(Yj o r*),Y') are two sections of 
C T *E E\ with //, s'j G C^E^X^Yj G T(E) and X',F' G £(£*), then 

[(//(X, o r*), X% (s'j(Yj o r *), F')f* = (/#■([*> *il ° r *) 
+X'( S J)(y i o r*) - o r*), [X', F']), 

P ^{f ( (X i oT m ) 1 X')=X'. 

Now, if (x J ) are local coordinates on an open subset U of M, {e a } is a basis of sections of 
the vector bundle r _1 ([7) — > U and {e a } is the dual basis of {e a }, then {e a ,e a } is a basis 
of sections of the vector bundle r T * ((r*) _1 (f/)) — ► (t*) _1 ({7), where r r * : £ T *_E — > E* is the 
vector bundle projection and 

. d 

e a (a*) = (e a (r*(a*)),p l a — ), 

q dX |a * (3.1) 

e a (a*) = (0,— ) 

^J/a |a* 

for a* G (r*) _1 (£7). Here, p^ are the components of the anchor map with respect to the basis 
{e a } and (x\y a ) are the local coordinates on E* induced by the local coordinates (x 1 ) and 
the basis {e a }. In general, if X = X 7 e 7 is a section of the vector bundle r~ l {U) — > U then 
one may consider the sections X and X of r T * ((t*) _1 (^)) — » ( r *) _1 (^) defined by 



X(a*) = (X(r*(a*)),(p^) 

d 

X(a*) = (0,XT(r*(a*)) 



<9af | a* ' 



for a* G (r*) _1 (f/). Using the local basis {e a , e a } one may introduce, in a natural way, local 
coordinates (x\ y a ; z a , v a ) on C T *E. If u* is a point of r r * ((r*) _1 (f/) then (x\y a ) are the 
coordinates of the point r T ' (u*) G (r*) _1 (f/) and 

u* = z a e~ a (r T \u;*))+v a e a (T T \uj*)). 

On the other hand, a direct computation proves that 



Pa ITT' P 



[eaj^f* = [e Q ,e^] r *=0, 
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for all a and (3, C^p being the structure functions of the Lie bracket [•, •] with respect to 
the basis {e a }- Thus, if {e a , e a } is the dual basis of {e a , e a } then 

d CT * E f = pi¥- i ^ + § L ^ 

dx* dy a (3.3) 
dT'Egy = _^dpe a Ae p , d CT * E (P = 0, 

for / G C°°(£*). 

Remark 3.1 If E is the tangent Lie algebroid TM, then the Lie algebroid (C T * E, [-, -] T *, p r *) 
is the standard Lie algebroid (T(T*M), [•, -]Jd). 



3.2 The canonical symplectic section of C T E 

Let (E, [ , ], p) be a Lie algebroid of rank n over a manifold M of dimension m and £ T *.E be 
the prolongation of E over the vector bundle projection r* : E* — > M. We may introduce a 
canonical section A_e of the vector bundle (C T * E)* as follows. If a* G i£* and (6, u) is a point 
of the fiber of C T E over a* then 

A b (o*)(6,t;) = o*(6). (3.4) 
is called the Liouville section of (£ r E)* . 
Now, £/ie canonical symplectic section Qe is defined by 

Q E = -d CT * E \ E . (3.5) 

We have: 

Theorem 3.2 Qe is a symplectic section of the Lie algebroid (C T *E, [•, •] r *,p' r *) ; that is, 

(i) Qe is a nondegenerate 2-section and 

(ii) d CT * E Q E = 0. 

Proof : It is clear that d CT * E Q E = 0. 

On the other hand, if (x l ) are local coordinates on an open subset U of M, {e a } is a basis of 
sections of the vector bundle r _1 (£7) — > U, (x l , y a ) are the corresponding local coordinates of 
E* on (r*) _1 (C/) and {e a ,e Q } is the basis of the vector bundle r r *((r*) _1 (C/)) -> (t*) _1 (17) 
then, using l)3.4J) . it follows that 

^E(x l ,y a ) = y a e a (3.6) 
where {e a , e a } is the dual basis to {e a , e a }. Thus, from ()3.3j) . ()3.5|) and ()3.6|) . we obtain that 

Q E = e a A e a + \c^y^ A (3.7) 

C7g being the structure functions of the Lie bracket [-, ■] with respect to the basis {e a }. 
Therefore, using ()3.7|) . we deduce that Qe is nondegenerate 2-section. \qed\ 
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Remark 3.3 If E is the standard Lie algebroid TM then Xe = Xtm (respectively, Q E — 
VLtm) is the usual Liouville 1-form (respectively, the canonical symplectic 2-form) on T*M. 



Let (E, [•, •], p) be a Lie algebroid over a manifold M and 7 be a section of the dual bundle 
E* to E. 

Consider the morphism ((Id, T7 o p), 7 ) between the vector bundles E and £ T * E 



(Id, T7 o p) 



M 



7 



E* 



defined by (Id,Tj o p)(a) = (a, (T x r y)(p(a))), for a G and x G M. 

Theorem 3.4 If j is a section of E* then the pair ((Id,Tjo p),j) is a morphism between 
the Lie algebroids (E, [•, ■], p) and (£ T *E, [-, ■] r *,p T *). Moreover, 



((Id,T 1 op), 1 )*\ E = 1 , ((Id,T>yop), 7 y(Sl E ) = -d E 1 



(3.8) 



Proof : Suppose that (x l ) are local coordinates on M, that {e a } is a local basis of T(E) 
and that 

7 = 7«e Q , 

with 7 a local real functions on M and {e a } the dual basis to {e a }. Denote by {e a , e a } the 
corresponding local basis of T(C T * E). Then, using (|3.1j) . it follows that 



((Id, T7 o p), 7) o e a = (e a + P % oq^ e v) 7, 



(3.9) 



for a G {1, . . . ,n}, p l a being the components of the anchor map with respect to the local 
coordinates (x l ) and to the basis {e a }. Thus, from (|2.4j) . 



((/rf,T 7 op), 7 )*(g a ) 
((/rf,T 7 op),7)*(e«) 



^7o 



<9x 



-e 



* = d E la , 



where {e a ,e a } is the dual basis to {e a ,e a }. 

Therefore, from ([2.4)1 . ()2.5|) and ()3.3|) . we obtain that the pair ((Id, T'-yo p) 1 7) is a morphism 
between the Lie algebroids E — > M and C T * E — > 

On the other hand, if a; is a point of M and a £ E x then, using (|3.4jl . we have that 



that is, 



{{((Id,T 7 o p) n )*(X E )}(x)}(a) = X E ( 7 (x))(a, (T xl )(p(a))) = 7 (a;)(o) 



((Jrf,T 7 op),7)*(A s ) = 7. 
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Consequently, from (|3.5|) and since the pair ((Id, Ty o p), 7) is a morphism between the Lie 
algebroids E and C7* E, we deduce that 

((id,T 1 op), 1 y(n E ) = -d E 1 . 

Yqed\ 

Remark 3.5 Let 7 : M — > T*M be a 1-form on a manifold M and Xtm (respectively, 
Qtm) be the Liouville 1-form (respectively, the canonical symplectic 2-form) on T*M. Then, 
using Theorem 13.41 (with E = TM), we deduce a well-known result (see, for instance, [T|): 

7*(Atm)=7, 7*0W) = ~d™ 1 . 

From Theorem 13.41 we also obtain 

Corollary 3.6 // 7 G Y(E*) is a 1-cocycle of E then 

((Id,Tyop),y)*(n E ) = 0. 



3.3 The Hamilton equations 

Let H : E* — > R be a Hamiltonian function. Then, since Q E is a symplectic section 
of (£ T *E, l-,-] T *,p T *) and dH G r((£ r *£)*), there exists a unique section \ H G r(£ T *£) 
satisfying 

= dF' E H. (3.10) 

With respect to the local basis {e a , e a } of T(£ T * E), £ H is locally expressed as follows: 

dH„ dH t dH._ , Q11 , 

^ = ^e Q -(C> 7 — +Pa — )e a . (3.11) 

Thus, the vector field p T * on £?* is given by 

rVt , i d# d dH i dH. d 

Therefore, p T ' '(£#) is just the Hamiltonian vector field of H with respect to the linear Poisson 
structure A E * on E* induced by Lie algebroid structure ([•, •],/?), that is, 

P t *(£h) = i d TE* H A E *. 

Consequently, the integral curves of (i.e., the integral curves of the vector field p r * (£#)) 
satisfy the Hamilton equations for H, 

dx i { dH dy a dH ( dH 

-Tt =P ^ ^ = - {Cl ^dT, +Pa ^ 1 (3 ' 12) 
for % G {1, . . . , m} and a G {1, . . . , n}. 

Remark 3.7 If E is the standard Lie algebroid TM then is the Hamiltonian vector field 
of H : T*M — > R with respect to the canonical symplectic structure of T*M and equations 
(I3.12JI are the usual Hamilton equations associated with H. 
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3.4 Complete and vertical lifts 

On 22* we have similar concepts of complete and vertical lifts to those in 22 (see JHl)- The 
existence of a vertical lift is but a consequence of E* being a vector bundle. Explicitly, given 
a section a G T(E*) we define the vector field a v on E* by 

a v (a*) = a{T*{a*)) v a *, for a* G E* , 

where v a * : 22*,^ — > T a *(E**, a ,\) is the canonical isomorphism between the vector spaces 
and T a *(i^ K) ). 

On the other hand, if X is a section of r : E — > M, there exists a unique vector field X* c on 
E*, the complete lift of X to E* satisfying the two following conditions: 

(i) X* c is r*-projectable on p(X) and 

(ii) x*%Y) = \xy\, 



for all Y G r(22) (see [10J). Here, if X is a section of £7 then X is the linear function 
X G C°°(22*) defined by 

X(a*) = a*(X(r*(a*))), for all a* G 22*. 

We have that (see [TO] ) 

[X* c , y* c ] = [X, F]* c , [X* c , /T] = (£f /3) u , [a w , /?"] = 0. (3.13) 

Next, we consider the prolongation £ r *22 of 22 over the projection r* (see Section f2.1.1|) . 
C7* E is a vector bundle over 22* of rank 2n. Moreover, we may introduce £/ie vertical lift a v 
and i/je complete lift X* c of a section a G T(E*) and a section X G r(22) as the sections of 
C7* 22 — > 22* given by 

a v (a*) = (0,a>*)), X* c (a*) = (X(r*(a*)), X* c (a*)) (3.14) 

for all a* G 22*. If {Xj} is a local basis of T(22) and is the dual basis of T(22*) then 
{aJ,X* c } is a local basis of r(£ T *22). 

Now, denote by ([•, •] r *,p r *) the Lie algebroid structure on C7* E (see Section l3~Tj) . It follows 
that 

ix* c , r*T = [x, r]* c , [x* c , py* = (£f /3) v , K, f\* = o, (3.15) 

and 

p^(X* c )(f) = p T > v )Cf ) = 0, 

P -*(x* c )(F) = [xTr], p r > v )0H = a0O v 

for X,y G T(22), a, (3 G T(22*) and / G C°°(M). Here, /* G C°°(22*) is the basic function 
on 22* defined by 

r = fo T *. 
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Suppose that (x l ) are coordinates on an open subset U of M and that {e a } is a basis of 
sections of r _1 (C/) — > [/, and {e a } is the dual basis of sections of r* _1 (f/) — > U. Denote 
by (x\y a ) the corresponding coordinates on t*~ 1 {U) and by p l a and the corresponding 
structure functions of E. If 9 is a section of E* and on [/ 

e = e a e a 

and X is a section of E and on U 

X = X a e a , 

then 9 V and X* c are the vector fields on E* given by 

d 



9 V = 9, 



In particular, 

In terms of the basis {e a , e a } of sections of C T * E — > _E* we have the local expressions 

# v = ^4 

and 

Remark 3.8 If E is the standard Lie algebroid TM, then £ T * E = T(T*M) and the vertical 
and complete lifts of sections are the usual vertical and complete lifts. 

The following properties relate vertical and complete lifts with the Liouville 1-section and 
the canonical symplectic 2-section. 

Proposition 3.9 IfX,Y are sections of E, (3,9 are sections of E* and Xe is the Liouville 
1-section, then 

\ E (9 V ) = and \ E (X* C )=X. (3.19) 
Iffl E is the canonical symplectic 2-section then 

n E ([3 v ,9 v ) = 0, tt E (X* c ,9 v ) =9{X) V and n E (X* c , Y* c ) = -p^Yj. (3.20) 

Proof : Indeed, for every a* G E*, 

\ E (9 v )(a*) = a*(p n (9 v (a*))) = a*(0 T * (a , } ) = 0, 
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and 

\ E (X* c )(a*) = a*(pn(X* c (a*))) = a* (X (r* (a*))) = X(a*), 
which proves ()3.19|) . 

For (|3.20j) we take into account ()3.19|) and the definition of the differential d, so that 

n E {9\n = P T \n(Mn) - P T \e^{\ E {n) + xeW,fd = ^ 

n E (X* c ,(3 v ) = P T *(f3 v )(MX* c )) - p T *(X* c )(\ E (f3 v )) + \e(IX* c ,{3 v ] t *) 

= P ^(^)x = p(xy, 

n E (X* c ,Y* c ) = p T * (Y* C )(\ E (X* C )) - p T * (X* C )(X E (Y* C )) + \ E (lX* c ,Y* c f*) 
= p T \Y* c )X - p T *(X* c )Y + \Xy\ = -IXy], 

where we have used (|3.15|) and (|3.16jl . \qed\ 

Noether's theorem has a direct generalization to the theory of dynamical Hamiltonian sys- 
tems on Lie algebroids. By an infinitesimal symmetry of a section X of a Lie algebroid we 
mean another section Y which commutes with X, that is, [X, Yj = 0. 

Theorem 3.10 Let H e C°°(E*) be a Hamiltonian function and be the corresponding 
Hamiltonian section. If X e T(E) is a section of E such that p T (X* C )H = then X* c is a 
symmetry of and the function X is a constant of the motion, that is p r *(£#)X = 0. 

Proof : Using (j3~T7Ijl and since p T *(X* c )(H) = 0, it follows that 

C& E {U H Sl E ) = d CT * E (£%I c E H) = 0. (3.21) 
On the other hand, from (j3.16|) and ([3.20)1 . we obtain that 

i x , c n E = -d CT * E X (3.22) 

and thus 

C^ c E Vt E = 0. 
Therefore, using ()3.21|) . we deduce that 

H£.h,x* c Y*^e = 0, 

which implies that X* c ] r = 0, that is, X* c is a symmetry of 
In addition, from (j3.10|) and ()3.22|) . we conclude that 

o = n E (t H ,x* c ) = cg* E x = p t *(£ h )(x). 

Yqed\ 
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3.5 Poisson bracket 



Let E be a Lie algebroid over M. Then, as we know, E* admits a linear Poisson structure 
A E * with linear Poisson bracket { , } E * (see Section 2.1). 

Next, we will prove that the Poisson bracket { , } E * can also be defined in terms of the 
canonical symplectic 2-section Vt E . 

Proposition 3.11 Let E,G G C°°(E*) be functions on E* and £f,£g be the corresponding 
Hamiltonian sections. Then, the Poisson bracket of F and G is 

{F,G} E , = -Q E ^ F ^ G ). 

Proof : We will see that the Hamiltonian section defined by a basic function f v is — (d E f) v , 
the vertical lift of —d E f G T(E*), and that the Hamiltonian section defined by a linear 
function X is X* c , the complete lift of X G T(E). 

Indeed, using ()3.16|) and ()3.20|) . we deduce that 

n E (^,e v ) = (d CT * E rw) = o = n E ((-d E fy,e v ), 
n E (&,Y* c ) = {d CT * E r){Y* c ) = (d E f(Y)y = n E ((-d E f)\Y* c ), 

and similarly 

n E (tx,o v ) = (d CT * E x)(e v ) = p T *(6 v )x = {6(x)y = n E (x* c ,e v ), 

Q E (^,Y* c ) = (d CT * E X)(Y* c ) = p T "{Y* c )X = -\XTY\ = Q E (X* C ,Y* C ), 

for every Y G T(E) and every 6 G T(E*). The proof follows using (j2.9j) . ()3.2()|1 and by taking 
into account that complete and vertical lifts generate T(£ T * E). \qed\ 

3.6 The Legendre transformation and the equivalence between 
the Lagrangian and Hamiltonian formalisms 

Let L : E — ► K. be a Lagrangian function and 6l G T((C t E)*) be the Poincare-Cartan 
1-section associated with L. 

We introduce the Legendre transformation associated with L as the smooth map LegL '■ E — > 
E* defined by 

Leg L (a)(b) = 9 L (a)(z), (3.23) 

for a,b G E x , where E x is the fiber of E over the point x G M and z is a point in the fiber 
of C T E over the point a such that 

pn(z) = b, 

pri : C T E — > E being the restriction to C T E of the first canonical projection pr\ : E x TE — > 
E. 
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The map Legi is well-defined and its local expression in fibred coordinates on E and E* is 

Leg L (x\y a ) = (x\—). (3.24) 

The Legendre transformation induces a map CLegL '■ C T E — > £ T *.E defined by 

(CLeg L )(b,X a ) = (b, (T a Le^ L )(X a )), (3.25) 

for a,beE and (6, X a ) G (C T E) a C £ r(a) x T a £, where TLeg^ : T£ -> T£* is the tangent 
map of Le<?L. Note that r* o Legi = t and thus CLegL is well-defined. 

Using ()3.24|) . we deduce that the local expression of CLegL in the coordinates of C T E and 
C T *E (see Sections I2~TT1 and ETTJ) is 

CLeg L (x\ y"; z", ««) = (x\ — ; + ^^^)- (3-26) 

Theorem 3.12 The pair (CLegL, Legi) is a morphism between the Lie algebroids (C T E, 
{■,-} T ,p T ) and (C T *E, [•, •] T *, p T *). Moreover, if 9 L and u L (respectively, \ E and fl E ) « r e 
the Poincare-Cartan 1-section and 2-section associated with L (respectively, the Liouville 
1-section and the canonical symplectic section on C " E) then 

(CLeg L , Leg L )*(X E ) = 6 L , (CLeg L , Leg L )*(n E ) = u L . (3.27) 

Proof : Suppose that (x l ) are local coordinates on M, that {e a } is a local basis of T(E) 
and denote by {T a ,V a } (respectively, {e a ,e a }) the corresponding local basis of T(C T E) 
(respectively, T(C T ' E)). Then, using ()2.36j) and (|3.2fijl . we deduce that 

BL 

(CLeg L , Leg L )\e') = T\ (CLeg L , Leg L )*(<?) = d CTE (—), for all 7 . 
Thus, from ()2.36j) and (|3.3)1 . we conclude that 

(CLegL, Leg L y{d CT " E f) = d CTE (f o Leg L ), (3.28) 

(CLegL, Leg L y(d CT * E P) = d CTE ((CLeg L , Leg L )*P), (3.29) 
(CLegL, Leg L y(d CT * E e?) = d CTE ((CLeg L , Leg L )*e<), (3.30) 
for all /' G C°°(E*) and for all 7. Consequently, the pair (CLegL, LegL) is a Lie algebroid 



morphism. This result also follows using Proposition 1.8 in 
Now, from ()3.4|) and (j3.23J) . we obtain that 

(CLeg L ,Leg L )*(X E ) = 9 L . 

Thus, using (|2.38|) . (|3.5|) and the first part of the theorem, we deduce that 

(£Leg L ,Leg L )*(fL E ) = u L . 

\qed\ 

We also may prove the following result. 
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Proposition 3.13 The Lagrangian L is regular if and only if the Legendre transformation 
LegL '■ E — > E* is a local diffeomorphism. 

Proof : L is regular if and only if the matrix ( — ^ ^ ) is regular. Therefore, using (|3.24|l . 
we deduce the result. \qed\ 

Next, we will assume that L is hyperregular, that is, LegL is a global diffeomorphism. Then, 
from (J3.25)) and Theorem 13.121 we conclude that the pair (CLegL, Leg^) is a Lie algebroid 
isomorphism. Moreover, we way consider the Hamiltonian function H : E* — ► K defined by 

H = E L oLeg L \ 

where El : E — > R is the Lagrangian energy associated with L given by 1)2.39)1 . The 
Hamiltonian section G r(£ r E) is characterized by the condition 

i iH n E = d CT * E H (3.31) 

and we have following. 

Theorem 3.14 If the Lagrangian L is hyperregular then the Euler- Lagrange section £l as- 
sociated with L and the Hamiltonian section £h are (CLegL, LegL) -related, that is, 

£ H o Leg L = CLeg L o £ L . (3.32) 

Moreover, if 7 : I —>■ E is a solution of the Euler- Lagrange equations associated with L, 
then p = LegL 7 : / ^ -E* is a solution of the Hamilton equations associated with H and, 
conversely, if p : I — > E* is a solution of the Hamilton equations for H then 7 = LegJ^ 1 
is a solution of the Euler- Lagrange equations for L. 

Proof : From (JH23), $£ZB) and l|T3T) . we obtain that holds. Now, using and 

Theorem 13.121 we deduce the second part of the theorem. \qed\ 

Remark 3.15 If E is the standard Lie algebroid TM then Leg L : TM -> T*M is the 
usual Legendre transformation associated with L : TM —>■ R and Theorem 13.141 gives the 
equivalence between the Lagrangian and Hamiltonian formalisms in Classical Mechanics. 



3.7 The Hamilton-Jacobi equation 

The aim of this section is to prove the following result. 

Theorem 3.16 Let (E, [•,•], p) be a Lie algebroid over a manifold M and ([•, •] r *, p T *) be 
the Lie algebroid structure on C T E. Let H : E* — ► W be a Hamiltonian function and 
£h £ T(C T E) be the corresponding Hamiltonian section. Let a 6 T(E*) be a 1-cocycle, 
d E a = 0, and denote by a G T(E) the section a = pr\ o £ H o a. Then, the following two 
conditions are equivalent: 
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(i) For every curve £ — > c(£) in M satisfying 

p(a)(c(t)) = c(£), for all £, (3.33) 
£/je curve £ — > a(c(t)) on E* satisfies the Hamilton equations for H . 

(ii) a satisfies the Hamilton- J acobi equation d E (H o a) = 0, that is, the function H o 
a : M — > R is constant on the leaves of the Lie algebroid foliation associated with E. 

Proof : For a curve c: I = (— e, e) C R — ► M on the base we define the curves \x : / — ► E* 
and 7 : I — > E by 

nit) = a(c(t)) and j(t) = a(c(t)). 
Since a and a are sections, it follows that both curves project to c. 

We consider the curve v = (7,/t) in E x TE* and notice the following important facts about 
v: 

• v (t) is in C T * E, for every t G I, if and only if c satisfies (j3.33|) . Indeed po^ = poaoc 
while Tr* o fi — c. 

• In such a case, /i is a solution of the Hamilton equations if and only if v (t) = 
£#(//(£)), for every t E I. Indeed, the first components coincide pri(v(t)) = j(t) 
and p?"i(£ff(M^))) = P r i(£f/(a(c(t)))) = er(c(£)) = 7(£), and the equality of the second 
components is just pit) = p T * (£#(/i(£))). 

We also consider the map $ a : E — ► C T * E given by $ a = (Id, Ta o p), and we recall that 
flE{a(x))(^ a (a), = 0, for all a, b G i^, because of Corollary 13.61 

[(ii) =^> (i)] Assume that c satisfies ()3.33j) . so that v(t) is a curve in C7* E. We have to prove 
that v(t) equals to £#(//(£)), for every t G J. 

The difference <i(£) = t>(£) — £#(/i(£)) is vertical, that is, pri(d(t)) = 0, for all £ (note that 
pri (?;(£)) = pn(^H (p(t))) — l{t)i f° r an £)■ Therefore, we have that fie(//(£))(c?(£), r/(£)) = 0, 
for every vertical curve £ — > t^(£) (see (|3.7|l ). 

Let a : / — > E be any curve on E over c (that is, r o a = c) and consider its image under 
$ a , that is C(£) = $a(a(£)) = ( a (^) ; ^ a (p( a (^))))- Since v(t) = & a (j(t)) is also in the image 
of $ a we have that n E (ji(t))(y(t), C(£)) = 0. Thus 

n B (A*(t))(d(t),C(*)) = -^(/iW)(^(/i(t)),CW) = -(rf £T *^,CW) 

= -Ta(p(a(t)))H = - (d E (H o a) , a(t)) 
which vanishes because d E (H o a) = 0. 

Since any element in (£ r E) a ^, with a; G M, can be obtained as a sum of an element in the 
image of <3> and a vertical, we conclude that Q E (p(t))(d(t) , ??(£)) = f2 E (a(c(£)))(<i(£), ?/(£)) = 
for every curve £ — > i](t), which amounts d(t) = 0. 
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[(i) =>- (ii)] Suppose that x is a point of M and that b £ E x . We will show that 

(d E {H oa),b) = 0. (3.34) 

Let c : I = (— e, e) — > M be the integral curve of p(cr) such that c(0) = x. It follows that 
c satisfies ()3.33|) . Let \i — a o c, 7 = a o c and t> = (7,/i) as above. Since /x satisfies the 
Hamilton equations, we have that v (t) = £//(//(£)) f° r au ^- As above we take any curve 
t — > a(t) in over c such that a(0) = b. Since t> (t) = $Q,(7(t)) we have that 

= n E (ji(t))($ a (y(t)), $«(a(t))) = $ a (a(t))) 

= fi,(Mf))fe(Mt)),$a(a(t))) = (rf £T * £ if,$ a (a(t))) = (d E (Hoa),a(t)}. 

In particular, at t = we have that (d E (H o a),b) = 0. |Qg£>| 

Remark 3.17 Obviously, we can consider as a cocycle a a 1-coboundary a = d E S, for some 
function S on M. Nevertheless, it should be noticed that on a Lie algebroid there exist, in 
general, 1-cocycles that are not locally 1-coboundaries. 

Remark 3.18 If we apply Theorem 13. 161 to the particular case when E is the standard Lie 
algebroid TM then we directly deduce a well-known result (see Theorem 5.2.4 in pQ). 

Let L : E — > IR be an hyperregular Lagrangian and Leg L : E — > E* be the Legendre 
transformation associated with L. Denote by H : E* — > M the corresponding Hamiltonian 
function, that is, 

H = E L oLeg L \ 

El being the energy for L. 

Now, suppose that a = d E S, for S : M — > M a function on M, is a solution of the 
Hamilton- Jacobi equation d E (H o d E S) = and that fi : I = (— e, e) — > E* is a solution of 
the Hamilton equations for H such that /i(0) = d E S(x), x being a point of M. If c : / — > M 
is the projection of the curve /i to M (that is, c = r* o fi) then, from Theorem 13.161 we 
deduce that 

/i = d E S o c. 

On the other hand, the curve 7 : / — > E given by 

7 = Legl 1 o \i 

is a solution of the Euler-Lagrange equations associated with L (see Theorem I3.14j) . More- 
over, since c = r o 7 and 7 is admissible, it follows that 

c(t) = pijit)), for all t. 

Thus, if J rE is the Lie algebroid foliation associated with E, we have that 

c(I) C J* 

where T E is the leaf of T E over the point x. 

In addition, Hod E S is constant on T E . We will show next that in the case that the constant 
is the function S is but the action. 
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Proposition 3.19 Let a = d E S be a solution of the Hamilton- Jacobi equation such that 

Hod E S = on^f. 

Then, 

d(S o c ) T 
~^ = L01 - 

Proof : Since Leg L o 7 = p, we have that (AL) 07 = (/i, 7), and from £l = AL — L we 
get L o 7 = (p,j) — H o p. Moreover, 

0*(f), 7 (t)> = 7 (f)> = P(7(*))5 = = ^(Soc). 

In our case, c is a curve on the leaf T E and /x = oPS o c, so that H o p = 0. Therefore, we 
immediately get L o 7 = —(Soc). \qed\ 

In particular, if we consider a curve c : [0, T] — ► M such that c(T) = y then 

%) = / T L( 7 (t))dt, 
where we have put = 0, since S 1 is undetermined by a constant. 



4 The canonical involution for Lie algebroids 

Let M be a smooth manifold, TM be its tangent bundle and : TM — > M be the 
canonical projection. Then, the tangent bundle to TM, T(T(M)), admits two vector bundle 
structures. The vector bundle projection of the first structure (respectively, the second 
structure) is the canonical projection ttm '■ T(T(M)) — > TM (respectively, the tangent map 
T(jm) '■ T(T(M)) — > TM to r M : TM — > M). Moreover, the canonical involution o TM : 
T(T(M)) — > T(T(M)) is an isomorphism between the vector bundles ttm '■ T(T(M)) — > TM 
and T{jm) '■ T(T(M)) — > TM. We recall that if (x i ) are local coordinates on M and (x*, y l ) 
(respectively, (x l ,y u , x\y z )) are the corresponding fibred coordinates on TM (respectively, 
T(T(M))) then the local expression of o~tm is 

(for more details, see [HJIII!)- 

Now, suppose that (E, [■,-,], p) is a Lie algebroid of rank n over a manifold M of dimension 
m and that r : E —>■ M is the vector bundle projection. 

Lemma 4.1 Let (b,v) be a point in (C T E) a , with a e E x , that is, r T (b,v) = a. Then, there 
exists one and only one tangent vector v G T^E such that: 
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(i) v(r) = (d E f)(x)(a), and 
(ii) v0) = v(9) + (d E 9)(x)(a,b) 



for all f G C°°(M) and 9 G T(E*). 

Proof : Conditions (i) and (ii) determine a vector on E provided that they are compatible. 
To prove compatibility, we take / G C°°(M) and 9 G T(E*). Then, 

v(f9) = v(f v 0) = (v(f v ))Hb) + f v (b)(v(9)) = (d E f)(x)(a) 9(x)(b) + f(x)v(9), 
where x = r(a) = r(b), and on the other hand, 

v(f9) + (d E (f9))(x)(a, b) = (v(D)9(a) + f v {a)v{9) + (d E f A 9)(x)(a, b) 

+f(x)(d E 9)(x)(a,b) 

= f(x)[v(9) + (d E 9)(x)(a,b)] + (d E f)(x)(a)9(x)(b), 

which are equal. \qed\ 

The tangent vector v in the above lemma E~T1 projects to p(a) since 

{{T b r){v))f = v(f o r) = v(f) = (d E f)(x)(a) = p(a)f, 

for all functions / G C°°(M), and thus (Ti,t)(v) = p(a). It follows that (a,v) is an element 
of (C T E)b, and we have defined a map from C T E to C T E. 

Theorem 4.2 The map <je '■ C T E — > C T E given by 

a E (b,v) = {a,v), 

where v is the tangent vector whose existence is ensured by lemma \%~l\ is a smooth involution 
interwining the projections r T andpr\, that is 

(i) a% — Id, and 

(ii) pri o o E = r T . 

Proof : We will find its coordinate expression. Suppose that (x 1 ) are local coordinates on 
an open subset U of M, that {e a } is a basis of sections of the vector bundle r -1 (£7) — > U 
and that (x l ,y a ; z a ,v a ) are the coordinates of {b,v), so that (x l ,y a ) are the coordinates of 

d d d _ d 

a, (x\ z a ) are the coordinates of b and v = p l n z a -— + v a — — . Then v = p\y a -^ + v a — — 

Ha dx l dy a Ha dx l dy a 

where we have to determine v a . Denote by {e a } the dual basis of {e a }. Applying v to 

yd _ e a anc j taking into account the definition of v we get 

v a = v{y a ) = v(y a ) + (d E e a )(x)(a, b) = v a - C%y? z\ 
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Therefore, in coordinates 

a E (x\y a ;z a } v a ) = (x\ z a ; y« v a + C^y<) (4.1) 
which proves that a E is smooth. 

Moreover r T (b,v) = a and pr 1 (a E (b,v)) = pri(a,v) = a. Thus, (z) holds. Finally, a E is an 
involution. In fact, if (6, v) G (£ T E) a then 

a%(b,v) = a E (a,v) = (b,v) 

and v — v because both projects to p(b) and over linear functions 

$0) =v(§) + (d E 9)(x)(b,a) = v{6) + (d E 6)(x)(a,h) + (d E 6)(x)(b,a) =v{§), 

which concludes the proof. \qed\ 

Definition 4.3 The map a E will be called the canonical involution associated with the Lie 
algebroid E. 



If E is the standard Lie algebroid TM then a E = o~tm is the usual canonical involution 
o~tm '■ T(TM) — > T(TM). In this case the canonical involution has the following interpreta- 
tion (see |22])- Let x '■ ^ 2 — ¥ M be a map locally defined in a neighborhood of the origin 



in R . We can consider x as a 1-parameter family of curves in two alternative ways. If (s, t) 
are the coordinates in R 2 , then we can consider the curve Xt '■ s l— x( s >t)i f° r fixed t. If we 



take the tangent vector at s = for every t we get a curve A(t) 
TM whose tangent vector at t — is 



dXt 
ds 



dx 
ds 



(0,t) in 



v = i(0) 



d dxt 



dt ds 



s=0 



t=o 



v is a tangent vector to TM at a = A(0). On the other hand, we can consider the curve 
X s '■ t x(s, t), for fixed s. If we take the tangent vector at t — for every s we get a curve 



B(s) 



dx s 



dt 



dx 

—— (s, 0) in TM whose tangent vector at s = is 
dt K 1 



B(0) 



d dx s 



ds dt 



s=0 



d_dx 
ds dt 



(0,0). 



v is a tangent vector to TM at b = B(0). We have that v G T a (TM) projects to b and 
v G Tfe(TM) projects to a. The canonical involution on TM maps one of these vectors into 
the other one, that is, o~tm{ v ) — v. Notice that in terms of the tangent map Tx the curves 
A and B are given by 



Ait) = T X 



d_ 

ds 



(0,t) 



and B{s) = Tx 



d_ 

Wt 



(«,0) 



37 



We look for a similar description in the case of an arbitrary Lie algebroid. For that we 
consider a morphism $ : TM 2 — ► E, locally defined in r~\(0) for some open neighborhood 



O of the origin, from the standard Lie algebroid : TI 



to our Lie algebroid 



M, locally defined in O. (The map 



r : E — > M and denote by x the base map x '■ ^ 2 
$ plays the role of Tx in the standard case.) 

d d 

The vector fields {tt, tt} are a basis of r(TM 2 ) with dual basis {ds, dt}. Thus we have the 
os dt 

curves A: R — > E and B : R - 



A(t) = $ 



d_ 

ds 



E given by 
and 



(0,t) 



Bis) 



0_ 

dt 



(«,o) 



Then (-B(O), A(0)) is an element of (£ T £ , ) J 4( ) and (A(0), -B(O)) is an element of (C r E) B ^ and 
the canonical involution maps one into the other. Indeed, let us write a = A(0), b = -B(O), 

v = A(0) and v = B(0). Then, applying the equality Tx = p ° $ to — we get that 



dx 

p(b) = —(0,0) and thus 



(T a r)(v) = (T a r)(i(0)) 



d(r o A) 



dt 



dx 
dt 



dt 



(0,0) =/>(&), 



(0,0) 



which proves that (b,v) G C T E is an element of (C T E) a . Similarly, applying Tx = p ° $ to 
we get that p(a) = — (0, 0) and thus 

(0,0) os 



d_ 

Ds 



{T b r){v) = (T»r)(S(0)) 



d(r o B) 



s=0 



dx 
ds 



(0,0)=p(a) 



which proves that (a,v) G £ T -E' is an element of (C T E) b . Finally, to prove that (7e(&, v) = 
(a,v) we just need to prove that v(9) = v{6) + (d E 9)(x)(a,b), for every 9 G T(E*), with 

x = r(a) = r(6). Applying the condition (§,xY{d E 9) = d TR \($, x)*0) to ^ 



5_ 

at 



5s 



and 



(0,0) 



we have 



(0,0) 
E 



d 



(d E 9)(x)(a,b) = -9(B(s)) 



s=0 



d_ 

dt 



9{A{t)) 



B(0)(9)-A(0)(9) = v(9)-v(9), 



which proves <te(&, v) 



We will see that oe is a morphism of Lie algebroids where on pri : C T E — ► E we have to 
consider the action Lie algebroid structure that we are going to explain. 

It is well-known (see, for instance, j9J that the tangent bundle to E, TE, is a vector bundle 
over TM with vector bundle projection the tangent map to r, Tr : TE —>■ TM. Moreover, 
if X is a section of r : E —>■ M then the tangent map to X 



TX : TM -> TE 
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is a section of the vector bundle Tr : TE — > TM. We may also consider the section 
X° : TM -> of Tt:TE -> TM given by 



X u ( M ) = (T..0)( M )+X(x)^ ) (4.2) 

for u e T X M, where : M — > Tv is the zero section of Tv and : _E X . — > T ^(E X ) is the 
canonical isomorphism between E x and T ( rr )(Tv a; ). 

If {e a } is a local basis of T(E) then {Te a , e° } is a local basis of T(TE). 

Now, suppose that are local coordinates on an open subset U of M and that {e a } 
is a basis of the vector bundle r -1 (i7) — > Z7. Denote by (x\y a ) (respectively, (2i,2i) and 
(x\y a ; x\y a )) the corresponding coordinates on the open subset r~ l {U) of Tv (respectively, 
Tm(U) of TM and t^t -1 (£/")) of TE, t m : TM ^ M and t e : TE ^ E being the canonical 
projections). Then, the local expression of Tr : TE — > TM is 



(Tr)(x\y a ;x\y a ) = (x\x i ) 

and the sum and product by real numbers in the vector bundle Tr : TE — > TM are locally 
given by 

(x\ y a ] x l , y a ) © (x l , y a ; x\ y a ) = (x l , y a + y a ; x\ y a + y~ a ) 
X ■ (x\ y a ; x\ y a ) = (x\ Xy a ; x\ Xy a ) 

Moreover, if X is a section of the vector bundle r : E —>■ M and 

X = X a e a} 

then 

dX a 

TX{x\tf) = (x\X a ;x\x*—), 
X°(x\x l ) = (x\0;x\X a ). 



Next, following [T7j we define a Lie algebroid structure ([•, -] T , p T ) on the vector bundle 
Tr : TE — > TM. The anchor map p T is given by p T = <Jtm ° T(p) : TE — > T(TM), 
<7tm '■ T(TM) — * T(TM) being the canonical involution and T(p) : TE — > T(TM) the 
tangent map to p : Tv — > TM. The Lie bracket [•, -] T on the space V(TE) is characterized 
by the following equalities 

[TX, TY] T = TIX,Y], \TX, Y°j T = {x^Yj (AA) 

[x°,yy = 0, 

for X,Y E T(E). 

Now, we consider the pull-back vector bundle p*(TE) of Tr : TE — > TM over the anchor 
map p : T 1 — > TM. Note that 



*{TE) = {(b,v) EEx TE/p{b) = (Tt)(v)}, 
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that is, the total space of the vector bundle is just C T E, the prolongation of E over r. Thus, 
p*(TE) is a vector bundle over E with vector bundle projection pr\ : p*(TE) — > E given by 
pri(a,u) = a, for (a, w) G p*(TE). 

If are local coordinates on M, {e Q } is a local basis of sections of the vector bundle 
r : E — > M and (x l ,y a ) (respectively, (x l ,y a ; z a ,v a )) are the corresponding coordinates on 
£7 (respectively, L T E = p*(TE)) then the local expressions of the vector bundle projection, 
the sum and the product by real numbers in the vector bundle p*(TE) — > E are 

pri(x\y a ; z a ,v a ) = (x\ z a ) 

{x\ y a ; z a } v a ) @ (x\ y a ; z a } v a ) = (x\ y a + y a ; z a , v a + v a ) 
\(x\ y a ; z a , v a ) = (x\ \y a ; z a , Xv a ). 

Moreover, we have the following result. 

Theorem 4.4 There exists a unique action \I/ : T(TE) — > X(E) of the Lie algebroid 
(TE, [ , ] T ,p T ) over the anchor map p : E —>■ TM such that 

*(TX) = X c , V(X°) = X v , (4.5) 

for X G F(E), where X c (respectively, X v ) is the complete lift (respectively, the vertical lift) 
of X . In fact, if {e a } is a local basis ofT(E) and X is a section of Tr : TE — > TM such 
that 

X = f a T(e a ) + g a e° a 
with f a ,g a local real functions on TM, then 

*(X) = (rop)e<+(r°p)C 

Proof : A direct computation, using (|2.2|) . ()2.25|) and ()4.3|) proves that 

Tp o X c = p T o TX o p, TpoX v = p T oX° o p, (4.6) 

for X G r(£ l ), that is, the vector field X c (respectively, X v ) is p-projectable to the vector 
field p T {TX) (respectively, p T {X )) on TM. 

Now, from ((2221), <EOJ and ( F^I ) - we deduce the result. [ggg] 



Corollary 4.5 T/iere exzsfo a Lie algebroid structure ([•, -]^, p%) on the vector bundle p*(TE) 
— ► _E s«c/i £/iat ifti(Xiop) ands j (Yjop) are two sections of p*(TE) —> E with h\ s j G C°°(E) 
and Xi, Yj sections ofTr : TE — > TM then 

pl(h%X t op)) = h**(Xi), 
{h i {X i op), s i{Y j op)\% = Us^lX^fop) 

+h i *(X i )(si)(Y j op) - ^(XjW^Xiop). 
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Next, we will give a local description of the Lie algebroid structure ([•,•]£, Pvp)- For this 
purpose, we consider local coordinates (x l ) on M and a local basis {e a } of T(E). Denote 
by p l a and CZg the structure functions of E with respect to (x l ) and {e a }, by (x l ,y a ; z a ,v a ) 
the corresponding coordinates on p*(TE) = C T E and by (x\y a ;x\y a ) the corresponding 
coordinates on TE. 

If X is a section of E and X = X a e Q , we may introduce the sections T P X and X p of p*(TE) 
given by 

T P X = TXop, X p = X° o p. 

We have that (see IfPjl ) 

<9X a 

* 9ar* J ' (4.7) 



X^(x\;z Q ) = (x\0;z a ,X 



Thus, {T p e a ,e£} is a local basis of T(p*(TE)). Moreover, from ()4.4|) . (|4.5jl and Corollary 
14.51 it follows that 



[tpx, wg = t'[x, y], [T'X, y"g = [x, y] , {x p , y% = o, 

p%(T p X)=X c , pl(X p )=X-, 



(4.8) 



for X, y G T(E). In particular, 



[T>e Q , T'e^g = T p {e a , e p \, [T p e a , e% = {e a , e p ] p , [e p a , e% = 0, 
pl(T p e a ) = e c a , pl{e a p ) = e«. 



(4.9) 



Therefore, 

pl(x\y a ;z a ,v a ) = (.', 2 a ; P y^ 7 + C a >V), (4.10) 



lT p e a} T p e?]l(x\z«) = C^(T p e,) + U^fz 



dx* * (4.11) 



lT p e a ,e%{x\z«) = Cl p e p , \e p a , e%{x\ z a ) = 0. 



Remark 4.6 If E is the standard Lie algebroid TM then p*(TE) is the tangent bundle 
to TM and the vector bundle p*(TE) — > TM is T(TM) with vector bundle projection 
Ttm : T(TM) —>■ TM, where tm : TM — ► M is the canonical projection. Moreover, 
following [T7] . one may consider the tangent Lie algebroid structure ([-, -] T , cry a/) on the 
vector bundle Tt m : T(TM) — > TM and it is easy to prove that the Lie algebroid structures 
([•, -] T , cr TM ) and ([•, •]£, coincide. 



Next, we will prove that the canonical involution is a morphism of Lie algebroids. 



Theorem 4.7 The canonical involution o~e is the unique Lie algebroid morphism oe ' 
C7 E -> p*(TE) between the Lie algebroids (C T E, {-, -] T , p T ) and (p*(TE), [•, ■}%, pj) such 
that o~e is an involution, that is, a\ = Id. 
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Proof : Using (l2~T7l) . (|2~32|) . (IP) and (@~7|), we deduce that 

a E oX c = T p X, a E o X v = X p , (4.12) 

for X e r(i?), where X c and X v are the complete and vertical lift, respectively, of X to 
C T E. Thus, from ()2.23|) . ()2.24j) and f)4.8|) . we obtain that a E is a morphism between the Lie 
algebroids (£ T E, {-, -f and (p*(TE), 

Moreover, if a' E is another morphism which satisfies the above conditions then, using that 
a' E is a vector bundle morphism and the fact that a' E is an involution, we deduce that the 
local expression of a' E is 

a' E (x l ,y~ < ;z~ < ,v~ f ) = {x\ z~<; y\ # 7 ), 
where g 1 is a linear function in the coordinates (z 7 ,t> 7 ). Now, since 

pl ° °'e = p t 
we conclude that (see (l2~34l and (g7TQ|) ) 

g~t = v< + CjgzV, for all 7- 
Therefore, <7e = <r^. |Q££>| 



5 Tulczyjew's triple on Lie algebroids 

Let (E, I , ],p) be a Lie algebroid of rank n over a manifold M of dimension m. Denote 
by t : E — > M the vector bundle projection of and by r* : E* — > M the vector bundle 
projection of the dual bundle E* to i?. Then, TE* is a vector bundle over TM with vector 
bundle projection Tr* : TE 1 * — > TM and we may consider the pullback vector bundle 
p*(TE*) of Tr* : TE* TM over p, that is, 

p*(TE*) = {(b,v) eEx TE*/p{b) = (Tt*)(v)}. 

It is clear that p*(TE*) is the prolongation C* E of 22 over r* (see Section [3.1|) . Thus, 
C T * E = p*(TE*) is a vector bundle over 22 with vector bundle projection 

pri : p*{TE*) — > 22, (6, v) — > pri(b, v) = b. 

Note that if 6 £ 22 then 

(prO-^fio) = (TrT\p(bo)). 

Moreover, if (x l ) are coordinates on M, {e a } is a local basis of r(22), (x l ,y a ) are the 
corresponding coordinates on E and (x l ,y a ; z a ,v a ) are the corresponding coordinates on 
p*(TE*) = £ T * E, then the local expression of the vector bundle projection pri : p*(TE*) = 
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L T * E — > E, the sum and the product by real numbers in the vector bundle pri : p*(TE*) = 
C T *E -> E are: 

pr 1 (x\y a \z a ,v a ) = (x\z a ), 
(x\y a ; z a ,v a ) © (x\y a ; z a ,v a ) = {x i ,y a + y a ;z a ,v a + v a ), 
\(x\y a ;z a ,v a ) = (x\\y a ;z a ,\v a ), 

for (x\ y a ; z a , v a ), {x\ y a ; z Q , v a ) G p*{TE*) and AgI. 
Next, we consider the following vector bundles: 

• (t t )* : (C T E)* — > E (the dual vector bundle to the prolongation of E over r). 

• pri : p*(TE*) -> £ (the pull-back vector bundle of Tr* : T£* -> TM over p). 

• r T * : £ r *£' — > (the prolongation of E over t* : E* — > M). 

• (r r *)* : (C T *E)* -> (the dual vector bundle to r r * : C T * E ^ E*). 

Then, the aim of this section is to introduce two vector bundle isomorphisms 

A B : p*(T£*) -> (C T E)\ \) E * : £ T *£ -> (C T ' E)* 
is such a way that the following diagram to be commutative 



(jC t E)* —p*(TE*) =C T *E - (£ T *E)* 




(5.1) 

First, we will define the isomorphism \) E *. 

If fl E is the canonical symplectic section of C7* E then \> E * : C T * E — > (£ T * E)* is the vector 
bundle isomorphism induced by Q E , that is, 

b E *(b,v)=i(b,v)(n E (T T *(b,v))), 

for (6,u) G £ T *£. 

If (x l ) are local coordinates on M, {e a } is a local basis of sections of T(E) and we consider the 
local coordinates (x\ y a ; z a , v a ) on C T * E (see Section l3~T|) and the corresponding coordinates 
on the dual vector bundle (C T * E)* then, using ()3.7j) . we deduce that the local expression of 
\) E * in these coordinates is 

\>E*(x\y a ; z a ,v a ) = (x\ y a ; -v a - Cl y^z p ,z a ) 
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where C2g are the structure functions of the Lie bracket [•, •] with respect to the basis {e a }. 
Now, we define the vector bundle isomorphism 

A E : p*(TE*) -> (C T E)* 

as follows. 

Let <•,•>: E Xm E* — > R be the natural pairing given by 

< a, a* >= a* (a), 
for a G -Er and a* G with x e M. li b e E and 

(6, Uo ) Gp*(T£) b , (6, U4 .)6PW 

then 

(u a ,v a *) G T M {E x M E*) = {«,<*) G T a £ x T a *E*/(T a r)(u' a ) = (T a .r*)«*)} 
and we may consider the map 

T<^> : p*(TE) x E p*(TE*) -> R 

defined by 

T< • >((6,« ), (6,V .)) = ^<a,a*>((T (aja *) < ■ >)(u a ,v a *)), 

where t is the usual coordinate on R and T< , > : T(E x m E*) — ► TR is the tangent map 
to < , >: E x M E* ^ R. 

If (x l ,y a ; z a ,v a ) are local coordinates on £ r £' = p*(TE) as in Section T2 . 2 . 1 1 then the local 
expression of T < -, ■ > is 

t7^>{{x\ y a ; z a , v a ), (x\ y a , z a , v a )) = y a v a + y a v a . (5.2) 

Thus, the pairing T< •, • > is non-singular and, therefore it induces an isomorphism between 
the vector bundles p*(TE) — > E and p*(TE*)* — > E which we also we denote by T< -, ■ >, 
that is, 

T<^> : p*(TE) -> p*(TE*)*. 

From (|5.2jl . it follows that 

T~>(^,^;^,^) = (x>v 7 ,y 7 )- (5-3) 
Next, we consider the isomorphism of vector bundles A* E : C T E — > p*(TE*)* given by 

= T< • > o a E 

cje '■ £ T E — > p*{TE) being the canonical involution introduced in SectionHJ Using ()5.3|) and 
Theorem 14. 7[ we deduce that the local expression of the map A* E is 

A E (x\y^;z\v^) = {x\v< + C>V;yV 7 )- (5.4) 
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Finally, the isomorphism A E : p*(TE*) — > (C T E)* between the vector bundles p*(TE*) — > E 
and (C T E)* —> E is just the dual map to A* E : C ' E — > p*(TE*)* . From ()5.4|) we conclude 
that 

A E (x\ y a ; z a , v a ) = (x\ z a ; v a + C^y^ y Q ). (5.5) 
Diagram (|5.1j) will be called Tulczyjew's triple for the Lie algebroid E. 

Remark 5.1 If E is the standard Lie algebroid TM then the vector bundle isomorphisms 
A TM : T(T*M) T*(TM) and \> T * M : T(T*M) T*(T*M) were considered by Tulczyjew 
[23 and Diagram (j5.1|) is just Tulczyjew's triple. 

6 The prolongation of a symplectic Lie algebroid 

First of all, we will introduce the definition of a symplectic Lie algebroid. 

Definition 6.1 A Lie algebroid (E, [-, ■], p) over a manifold M is said to be symplectic if it 
admits a symplectic section Q, that is, Q is a section of the vector bundle A 2 E* —>■ M such 
that: 

(i) For all x G M , the 2- form fl(x) : E x x E x — > R on the vector space E x is nondegenerate 
and 

(ii) Q is a 1-cocycle, i.e., d E Q = 0. 

Examples 6.2 (i) Let (M, Q) be a symplectic manifold. Then the tangent bundle TM 
to M is a symplectic Lie algebroid. 

(ii) Let (E, [•,•], p) be an arbitrary Lie algebroid and ([•, -} T * , p T *) be the Lie algebroid 
structure on the prolongation C7* E of E over the bundle projection r* : E* — > M of 
the dual vector bundle E* to E. Then (£ T * E, [•, -] r *, p T *) is a symplectic Lie algebroid 
and Ob is a symplectic section of £ T * E, Q E being the canonical symplectic 2-section 
of C T *E (see Section EH - 

In this section, we will prove that the prolongation of a symplectic Lie algebroid over the 
vector bundle projection is a symplectic Lie algebroid. 

For this purpose, we will need some previous results. 

Let (E, [-, ■], p) be a Lie algebroid over a manifold M and r : E — > M be the vector bundle 
projection. Denote by ([•, -] r , p T ) the Lie algebroid structure on the prolongation C T E of E 
over t. If pr\ : E x TE — > E is the canonical projection on the first factor then the pair 
{P r i\£ T E, T ) is a morphism between the Lie algebroids (C T E, [-, •] T ,p' r ) and (-E, [-, -],p) (see 
Section F2.1.1|) . Thus, if a £ r(A fe i?*) we may consider the section a v of the vector bundle 
A k (C T E)* -> M defined by 

« v = (p»"i|£^,r)*(a). (6.1) 
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a v is called the vertical lift to C T E of a and we have that 

d CTE a v = (d E a) v . 



(6.2) 



Note that if {e a } is a local basis of T(E) and {e a } is the dual basis to {e a } then 

(eT(M c ) = <W, (eT(M v ) = o, 

for all a and /3. Moreover, if 7 G T(A k E*) and 

7 = 7 ai ,., a / ai A...Ae at 

we have that 

7 V =(7 ai ,., a ,or)(e a ') v A...A(e^r. 

Now, suppose that / G C°°(M). Then, one may consider the complete lift f c of / to E. f c 
is a real C°°-function on E (see (|2.21|) ). This construction may be generalized as follows. 

Proposition 6.3 If a is a section of the vector bundle A k E* — > M, t/ien there exists a 
unique section a c of the vector bundle A h (C T E)* — > E such that 

a°(X?,...,XZ) = a(X u ...,X k y, 
a c (X?,X°...,X° k ) = a(X u ...,X k ) v , (6.3) 
a c (Xl,...,X],X° +v ...,X c k ) = 0, tf2<s<k, 

for Xi, . . . , Xk G r(.E). Furthermore, 

d CTE a c = (d E a) c . (6.4) 

Proof : We recall that if {Xj} is a local basis of T(E) then {Xf,X^} is a local basis of 
T{C T E). 

On the other hand, if X G T(E) and f,ge C°°(M) then 

(/x) c = f c x v + px c , (fxy = px\ 
(fg) c = f c g v + f v g c , (fg) v = f v g v - 

Using the above facts, we deduce the first part of the proposition. 
Now, if a G T(E*) then, from (l2~!MJ) and O it follows that 

(d CTE a c )(X c ,Y c ) = ((d E a)(X,Y)) c =(d E a) c (X c ,Y c ) 
(d CTE a c )(X v ,Y c ) = ((d E a)(X,Y)) v = (d E a) c (X v ,Y c ) 
{d CTE a c ){X v ,Y v ) = = {d E a) c {X v ,Y v ) 

for X,Y G V(E). Thus, 

d CTE a c = {d E a) c , for a G T(E*). (6.5) 
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In addition, using (|2.24|) and (|6.3|) . we have that 

d CTE f c = {d E f) c , for / G C°°(M) = T(A°E*). (6.6) 
Moreover, using ()6.1)1 and ()6.3j) we obtain that 

r 

(M A ... A a r ) c = f c a{ A . . . A < + f ^ < A . . . A a? A . . . A a% (6.7) 

8=1 

for «i e r(A fe! E*),z G {1, . . . ,r}. Therefore, from IfO). (I63J) . (jfiTKjl and (Q we conclude 
that JEH) holds. IqIdI 

The section a c of the vector bundle A k ((C T E)*) —* E is called the complete lift of a. 
If {e a } is a local basis of T(E) and {e a } is the dual basis to {e a } then 

(eT(M c ) = o, (O c (M v )=<W, 

for all a and (3. Furthermore, if 7 G T(A k E*) and 7 = 7 ai ... afc e ai A ... A e ak , we have that 

fc 

7 C = 7« 1 ... Qfe (e ai ) v A ... A (e«*) v + ° A " " " A A " " " A 

i=l 

Thus, if (x J ) are local coordinates defined an open subset U of M and {e a } is a local basis 
of T(E) on E7 then 

^{x\y«) = P^/(e Q1 ) ¥ A...A(e a *) v 

+ E(^-«* r )( eQ1 ) v A • • • A ( eaj ) c A • • • A ( e " fc ) v > 

3 

where (x l ,y a ) are the corresponding local coordinates on E and p^ are the components of 
the anchor map p with respect to (x l ) and to {e a }. 

Note that 

{(e a ) c ,(eT) 

is a local basis of T((C T E)*). In fact, {(e a ) c , (e a ) v } is the dual basis to the local basis of 
T(C T E) 

{(e a ) v ,(e Q ) c }. 



Remark 6.4 If E is the standard Lie algebroid tm '■ TM — > M and a is a fc-form on M, 
that is, a G T(A fc (T*M)) then C™ E = T(TM) and a c is the usual complete lift of a to 
TM (see j57j). 

Next, we will prove the main result of this section. 
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Theorem 6.5 Let (E, [•, -],p) be a symplectic Lie algebroid with symplectic section Q and 
t : E — > M be the vector bundle projection of E. Then, the prolongation C T E of E over r 
is a symplectic Lie algebroid and the complete lift Q c of Q to C T E is a symplectic section of 
C T E. 

Proof : It is clear that 

d CTE n c = (d E ny = o. 

Moreover, if {e a } is a local basis of T(E) on an open subset U of E and {e a } is the dual 
basis to {e a } then 

Q = h\ aP e a A e 13 

with Q a/ 3 = —{l/3 a real functions on U. 
Thus, using (|6.7|) . we have that 

Q c = l -n^{e a Y A (e") v + n^(e") c A (e^) v 
Therefore, the local matrix associated to fl c with respect to the basis {(e Q ) c , (e a ) v } is 

o (n a(3 y 

Consequently, the rank of Q c is 2n and Q c is nondegenerate. \qed\ 



Remark 6.6 Let (M,Q) be a symplectic manifold. Then, using Theorem 16 .5| we deduce 
a well-known result (see the tangent bundle to M is a symplectic manifold and the 

complete lift Q c of Q to TM is a symplectic 2-form on TM. 

Example 6.7 Let (E, [•, •], p) be a Lie algebroid of rank n over a manifold M of dimension 
m and r : E — > M be the vector bundle projection. Denote by and Qe the Liouville 
section and the canonical symplectic section of the prolongation £ T * E of E over the vector 
bundle projection r* : E* — > M of the dual vector bundle E* to E. 

On the other hand, if (x l ) are coordinates on M and {e a } is a local basis of then 
we may consider the corresponding coordinates (x\y a ) (respectively, (x\y a ; z a ,v a )) of E* 
(respectively, C T * E) and the corresponding local basis {e a ,e a } of T(£ T *E) (see Section 
13. lj) . Thus, if £ rT (C T * E) is the prolongation of £ T *i? over the vector bundle projection 
r T * : £ T *E -> then 

ie c e c e v e v l 

°cr> °a5 D ttJ 

is a local basis of r(£ rT (£ T * E)) and if {e a , e Q } is the dual basis to {e a , e a } then 

{(e a y,(e a y,(e a Y,(e a Y} 
is the dual basis of {e„, e^, e^, e^}. 
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Moreover, using (|3.7|) and (|6.7|) . we deduce that the local expressions of the complete lifts 
A^ and fl E of and Qe are 

\ E (x\y a ,z a ,v a ) = y c a (e a y + yv(e a ) c , 

n E (x\y a ;z a ,v a ) = ( e -) c A(e«) v + (P) v A(e Q ) c + i(^ 7 ) c (g a ) v A(eY 

+Cl,y,(e«y A {e?y. 

Therefore, from (J3.2j) . we conclude that 

\%{x\y a -z a ,v a ) = y a (e a ) c + v a (e a ) v , 
n c E (x\y a ,z a ,v a ) = (e a ) c A (e a ) v + (e a ) v A (e° 



1 <9C 7 „ (6.8) 
+C> 7 (P) C A (e^) v , 



/4 and being the structure functions of the Lie algebroid (E, [•, -],p) with respect to 
the coordinates (x 4 ) and to the basis {e a }. 



7 Lagrangian Lie subalgebroids in symplectic Lie alge- 
broids 

First of all, we will introduce the notion of a Lagrangian Lie subalgebroid of a symplectic 
Lie algebroid. 

Definition 7.1 Let (E, [•, -],p) be a symplectic Lie algebroid with symplectic section Q and 
j : F — > E , i : iV — > M be a Lie subalgebroid (see Remark \2. 6 J\) . Then, the Lie subalgebroid 
is said to be Lagrangian if j(F x ) is a Lagrangian subspace of the symplectic vector space 
(E i(x) ,tt i{x) ), for all x G N. 

Definition 17. II implies that: 

(i) rankF = -rankE and 
v ; 2 

(ii) {tt(i(x)))\ j{ F x)xj(Fx) = 0, for all x G N. 

Remark 7.2 Let (M, Q) be a symplectic manifold, S be a submanifold of M and i : S — > M 
be the canonical inclusion. Then, the standard Lie algebroid tm '■ TM — > M is symplectic 
and i : S — > M, j = Ti : TS* — » TM is a Lie subalgebroid of tm '■ TM — > M. Moreover, one 
may prove that 5* is a Lagrangian submanifold of M in the usual sense if and only if the Lie 
subalgebroid i : S — > M, j — Ti: TS —>■ TM of tm '■ TM — > M is Lagrangian. 
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Let (E, [•, •], p) be a Lie algebroid over M. Then, the prolongation C7* E of E over the vector 
bundle projection r* : E* — > M is a symplectic Lie algebroid. Moreover, if x is a point of 
M and £"* is the fiber of E* over the point x, we will denote by 

j x : Ti?: - Z7*£, z x : - £* 

the maps given by 

jx{v) = (0(x),v), i x (a) = a 

for v G TE* and a e E*, where : M — >■ £7 is the zero section of £7. Note that if f G 
(Tt*)0) = and thus (0(x),v) G £ r *£. 

On the other hand, if 7 G r(£ 1 *) we will denote by F 1 the vector bundle over 7 (M) given by 

F 7 = {(6, (r 7 )(p(6))) G E x T£*/fo G £} (7.1) 

and by j 1 : F 7 — > JC T * E and i 7 : j(M) — > .E* the canonical inclusions. Note that the pair 
((Id, T7 o p),7) is an isomorphism between the vector bundles i£ and _F 7 , where the map 
(Id, T 7 o p) : — > F 7 is given by 

(Jd,T 7 op)(6) = (b,Tj(p(b))), for 6 G £. 

Thus, _F 7 is a Lie algebroid over 7(M). Moreover, we may prove the following results. 



Proposition 7.3 Let (E, [-, •],/?) &e a Lze algebroid of rank n over a manifold M of dimen- 
sion m and C T * E be the prolongation of E over the vector bundle projection r* : E* —> M. 

(i) If x is a point of M then j x : TE* — > C T * E and i x : E* —>■ E* is a Lagrangian Lie 
subalgebroid of the symplectic Lie algebroid C T E. 

(ii) If 7 G T(E*) then j 7 : F 7 — ► C T * E and z' 7 : 7 (M) —>■ E* is a Lagrangian Lie sub- 
algebroid of the symplectic Lie algebroid £ T * E if and only if 7 is a 1-cocycle for the 
cohomology complex of the Lie algebroid E, that is, d Er j = 0. 



Proof : (i) It is clear that the rank of the vector bundle te* '■ TE* —>■ E* is n = 
^rank(C T E). 

Moreover, if (x l ) are local coordinates on M, {e a } is a local basis of T(E), (x\y a ) are the 
corresponding coordinates on E* and {e a ,e a } is the corresponding local basis of Y(C T * E) 
then, from (jH.ljl . it follows that 

(j x ,Q*(e a ) =0, (j x ,i x )*(e a )=d TE *(y a oi x ), 

Jx(t— ) = e a (ji), for all /i G E*. ^' 2 ' 

This, using f|3.3|) . implies that ^ : TE* — > £ T *_E' and i x : E* ^ E* is a morphism of 
Lie algebroids. Thus, since j x is injective and i x is an injective inmersion, we deduce that 
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j x : TE* — > C T * E and i x : E* — > E* is a Lie subalgebroid of C T * E. Finally, from (|3.7|) and 
(17. 2j) . we conclude that 

(^(4(^)))|i :c (T M B|)x^(r M £;s) = °> 

for all p E E*. 

(ii) If 7 is a section of E* then the Lie algebroids E — > M and F 7 — > 7(M) are isomorphic 
and, under this isomorphism, the inclusions j 1 and z 7 are the maps (Id, T7 op) : E —>■ C T E 
and 7 : M — > E* , respectively. Furthermore, it clear that the map (Id,T / y o p) is injective 
and that 7 : M — > E* is an injective inmersion. 

On the other hand, from Theorem 13. 4| we have that 

((id,T 1 op) )1 y(n E ) = -d 1 . 

Therefore, the Lie subalgebroid j 7 : _F 7 — > £ r *i? and i 7 : 7(M) — > i£* is Lagrangian if and 
only if 7 is a 1-cocycle. \qed\ 



Remark 7.4 Using Remark 17.21 and applying Proposition 17.31 to the particular case when 
E is the standard Lie algebroid TM, we deduce two well-known results (see, for instance, 

CP): 

(i) If Qtm is t ne canonical symplectic 2-form on T*M and x is a point of M then the 
cotangent space to M at x, T*M, is a Lagrangian sub manifold of the symplectic 
manifold (T*M,Q TM ). 

(ii) If 7 : M — > T*M is a 1-form on M then the submanifold j(M) is Lagrangian in the 
symplectic manifold (T*M, Qm) if and only if 7 is a closed 1-form. 

Let (E, [•, •], p) be a Lie algebroid of rank n over a manifold M of dimension m and S 1 be a 
submanifold of E. Denote by r : E — > M the vector bundle projection, by z : S 1 — > the 
canonical inclusion and by r 5 : S — > M the map given by 

t 5 = r o i. 

If there exists a natural number c such that 

dim(p(E T s {x) ) + (T x t s )(T x S)) = c, for all x e S, (7.3) 

then, using the results of Section l2.1.1| one can consider the prolongation of the Lie algebroid 
E over the map t s , 

C S E = {(b,v) eEx TS/p(b) = (Tt s )(v)}, 

which is a Lie algebroid over S of rank n + s — c, where s = dim S. Moreover, the maps 
(Id, Ti) : C T E — > C T E and i : S — > E define a Lie subalgebroid of the prolongation of E 
over the bundle projection r, where (Id, Ti) is the map given by 

(Id,Ti)(b,v) = (b,Ti(v)), for (b,v) G C T ' S E. 
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Examples 7.5 (i) Let (E, [•, -],p) be a Lie algebroid of rank n over a manifold M and X 
be a section of -E. Suppose that the submanifold S is X(M). Then, it is easy prove that 
the condition (|7.3|) holds and that c is just m = dimM = dimS*. Thus, one may consider 
the prolongation C T E of E over the map t s : S = X(M) — > M and the rank of the vector 
bundle C E — > S is n. 

Note that if a; is a point of M, the fiber of C7 E over X[x) e S is the vector space 

(C rS E) x(x) = {(&, (T x X)(p(b)))/b e E x }. 

Therefore, if Y is a section of E then, using (|2.25|) . we deduce that 

TX(p(Y)) = (Y c -lX,Yf)oX, 

where Z c (respectively, Z v ) denotes the complete (respectively, vertical) lift of a section Z 
of E to a section of the vector bundle TE — > E. Consequently (see ()2.23|0 . 

TX(p(Y)) = {p^Y c - {X, YD} o X. (7.4) 

Here, Z c (respectively, Z v ) is the complete (respectively, vertical) lift of a section Z of E to 
a section of the vector bundle £ r i? — > E. Now, from (j7.4j) . we obtain that 

is a section of the vector bundle S 
that 

is a local basis of r(£ rS i?). 

(ii) Let (E 1 , [•,•], p) be a Lie algebroid of rank n over a manifold of M of dimension m. 
Denote by C T * E the prolongation of E over the vector bundle projection t* : E* ^ M. 
C T * E is a Lie algebroid over E*. On the other hand, let p*(TE*) be the pull-back of the 
vector bundle Tr* : TE* —>■ TM over the anchor map p : E — > TM. p*(TE*) is a vector 
bundle over i?. Moreover, as we know, the total spaces of these vector bundles coincide, 
that is, 

p*{TE*) = C T 'E. 

Now, suppose that X is a section of the vector bundle p*(TE*) — > E. Then, 5* = X(E) is a 
submanifold of C7* E of dimension m + n. Furthermore, if we consider on C T * E the Lie alge- 
broid structure ([•, •] T *,p T *) (see Section l3~Tj) then condition (|7.3j) holds for the submanifold 
S and the natural number c is n + m = dim 5*. Thus, the prolongation CS tT ^ s (£ t * E) of the 
Lie algebroid (C T *E, {-, -] T *,p r *) over the map r r * o % = (r r *) 5 : S — > £ T *£' — > is a Lie 
algebroid over S of rank 2n. In fact, if (x l ) are local coordinates on an open subset U of M, 
{e a } is a basis of r _1 ([7) — > U, (x,y) = (x\y a ) (respectively (x,y;z, v) = (x\y a ; z a ,v a j) 
are the corresponding coordinates on E (respectively, £ T * E) and the local expression of X 
in this coordinates is 

X(x,y) = X(x\y a ) = (x\X a ;y a ,X' a ) 



-> C T E. Thus, if {e a } is a local basis of T(E) it follows 
{e c a \s-lX,e a jJ s } 
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then {ef , ef } is a local basis of sections of C^ tT ) S (£ t * E) — > S 1 , where 

ef : S -> £ T *£ xTS, ef : 5 -> £ r *£ x TS 

are defined by 

- ~ ~ f)X@ 

^(X(x,y)) = (e a ((r T y(X(x,y)))+p^x)—- M(r T ) s (X(x, y))), 

OX \(x,y) 

Pa[x) dxUx^y) + Pa{X) dx* \(z,y)dyp ljt{Xjy) 

+p* a (x)—- — , (7.5) 

r)X@ ~ f) 

ay ^ X)y } oz \x(x, y ) 

+ dX? d + OX' 13 d 

Here, p l a are the components of the anchor map with respect to (x l ) and {e a } and {e a , e a } is 
the corresponding local basis of T(C T * E). Using the local basis {e^, e^} of T{C^ tT ^ s (C t *E)) 
one may introduce, in a natural way, local coordinates (x l , y a ; z„, v x ) on C^ tT ^ (£ T * E) as 
follows. If uo x G CS tT ^ (£ T * E) x ,j, with a G E, then [x\y a ) are the coordinates of a and 

uj x = z x e*(X(a)) +v x e*(X(a)). 

Moreover, if ([•, •] s , p s ) is the Lie algebroid structure on the vector bundle £ rT ) S (£ T * E) — > 
S 1 then, using (EH31) . (EH31) . (HO) and (J73D, we obtain that 

[ef , ef f = C^e* [ef , eff = [e* ef f = 0, 

P 5 (ef) = (TX)(p L |-), P S (ef) = (TX)(A), ^ 



for all a and /?. Now, we consider the map Q x : C T E -> £( rT ) defined by 

:(b)< 



e*(a,t;) = ((a,(T^ (6) (r^) s )((T 6 X)(,;))),(r 6 X)(,;)), 



for (a,v) G (C T E) b C £ r(6) x T b £, with b E E. Note that r* o (r T *) 5 o X = r and, thus, 
(a, (T^ (f)) (r^) 5 )((T fe X)(t;))) G (/T £) (tT * )S(x(6)) C £ t(6) x T rT * {x[b)) E* which implies that 

((«, (T x(h) (rn S )((T b X)(v))), (T b X)(v)) G ^V^)^ 
C (£ T E) (TT * )S( ^ (b)) x T X ^S. 

Furthermore, if {T a , V a } is the local basis of T(£ T E) considered in Remark 12 . 71 then a direct 
computation, using ()7.5j) . proves that 

9*(T Q (a)) = e~f (X(a)), = ef (1(a)), (7.7) 
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for all a G r 1 (U). Therefore, from (|2.33|) . (|7.6|) and (|7.7j) . we conclude that the pair (Q x , X) 
is an isomorphism between the Lie algebroids C7E — ► E and CS tT ^ (C r * E) — ► S*. Note that 
the local expression of X in the local coordinates (x l , y a ; z a , v a ) and (x\ y a ; z^, v^) on C T E 

and & tT ^ ' (C T * E) is just the identity, that is, 

Q jc (x i ,y a ;z a ,v a ) = (x\y a ;z a ,v a ). 

We recall that if E is a symplectic Lie algebroid with symplectic section Q then the prolon- 
gation C T E of E over the vector bundle projection r : E — > M is a symplectic Lie algebroid 
with symplectic section O c , the complete lift of f2 (see Section EJ). 

Proposition 7.6 Let (.E, [-,-], p) be a symplectic Lie algebroid with symplectic section Q 
and X be a section of E. Denote by S the submanifold of E defined by S = X(E), by 
i : S — > E the canonical inclusion, by ax the section of E* given by ax = ix^ and by 
t s : S — > M the map defined by t s = r o i, r : E —>■ M being the vector bundle projection. 
Then, the Lie subalgebroid (Id, Ti) : C T E — > C T E, i : S —>■ E of the symplectic Lie algebroid 
((C T E, [-, -] r , p T ), fl c ) is Lagrangian if and only if ax is a 1-cocycle. 

Proof : Suppose that Y and Z are sections of E. Since Q is a 2-cocycle, it follows that (see 
da x (Y, Z) = p(X)(Q(Y, Z)) - Q(Y, [X, Zj) - Q([X, Yj, Z). (7.8) 
On the other hand, using (|6.3j) . we obtain that 

n c (Y c - ix, y] v , z c - ix, zf) = n(Y, zy - n(Y, [x, z\y - n({x, Yj, zy 

which implies that (see ()2.21|) ) 

n c (Y c - [x, Yj v , z c - [x, zf) o x = P (xyn(Y, zy - n(Y, [x, zj) - n({x, y\,z). (7.9) 

Therefore, from (|7.8j) . ()7.9j) and taking into account that the rank of C T " 5 E is n = ^rank(C T E), 
we conclude that the Lie subalgebroid (Id,Ti) : C T ' S E — ► C7E, i : S — » E is Lagrangian if 
and only if ax is a cocycle (see Example 17.51 («)). |Qgp| 

Remark 7.7 Let (M, Q) be a symplectic manifold, r^r : TM — ► M be the standard sym- 
plectic Lie algebroid and X be a vector field on M. Then, the tangent bundle TM of M is 
a symplectic manifold with symplectic form the complete lift Q c of Q to TM (see Remark 
I6.6|) . Moreover, using Remark 17.21 and Proposition 17.61 we deduce a well-known result: the 
submanifold X(M) of TM is Lagrangian if and only if X is a locally Hamiltonian vector 
field of M. 
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Let (E, {■,-,}, p) be a Lie algebroid over a manifold M and denote by Qe the canonical 
symplectic section of the Lie algebroid (£ r * E, [-, -] T *, p T *) (see Sections 13.11 and EH?)) and by 
p*{TE*) — > the pull-back of the vector bundle Tr* : Ti?* — >■ TM over the anchor map 
p: E -> TM. As we know, p*(TE*) = C T *E.Now, suppose that X : £ -> p*(TE*) = C7* E 
is a section of p*(TE*) — > i£. Then, 5 = X(E) is a submanifold of £ T and one may 
consider the Lie subalgebroid (Id,Ti) : C {tT * )S (C T * E) -> £ rT *(£ T *£), i : 5 -> £ r *£ of the 
symplectic Lie algebroid £ rT {C T * E) — > £ r *£' (see Example 17. 5[ (zi)). We remark that the 
symplectic section of £ rT (C T * E) — > £ T i£ is the complete lift of fi^ to the prolongation 
of C T E over the bundle projection r r : C7* E — > 

On the other hand, let : p*(TE*) — > (C T E)* be the canonical isomorphism between the 
vector bundles p*(TE*) — >■ 22 and (C T E)* — > 22 considered in Section El (see (|5.5jl ) and 
be the section of (C T E)* — > 22 given by 

a 1 = A B oX (7.10) 

Then, we have the following result. 



Proposition 7.8 ITie Lze subalgebroid (Id,Ti) : C^*^ (C* E) C tT \c t *E), i : 5 -»■ 
(C T E)* is Lagrangian if and only if the section is 1-cocycle of the Lie algebroid {C T E, 

1,T,P T )- 



Proof : Suppose that (x ? ) are local coordinates on an open subset U of M and that {e a } 
is basis of the vector bundle t~ x (U) — > £/. Then, we will use the following notation: 

• {T a , K,} (respectively, {e Q ,e a }) is the local basis of r(£ r 22) (respectively, T(C T *E)) 
considered in Remark 12.71 (respectively. Section l3~Tj) . {T a ,V a } (respectively, {e a ,e a }) 
is the dual basis of {T a , V a } (respectively, {e a , e a }). 

• (x\y a ) (respectively, (x\y a ; z a ,v a )) are the corresponding local coordinates on E 
(respectively, C7" 22). 

• p l a and C^a are the structure functions of E with respect to (x 1 ) and {e a }. 

• : C T E — > £( rT ) s (£ r *22) is the isomorphism between the Lie algebroids £ r 22 — > 22 
and £( rT ) S (£ T *22) -> 5 (over the map X : E — > 5 = X(E)) considered in Example 
1731 (ii). 



Then, 

ie c e c e v e v l 

l°a) u a) 

is a local basis of r(£ rT (£ r *22)), where e c a and e£ (respectively, and e^) are the complete 
(respectively, vertical) lift of e a and e a to C7 T (C T * E). Moreover, 

{(eT,(eT,(e a ) c ,(eT) 



55 



is the dual basis of {e£, e c a , e^, e^}. 

Now, assume that the local expression of the section X is 

X{x\y a ) = {x\X a ;y a ,X' a ). (7.11) 

Next, we consider the local basis {e£,e£} of T{£( tT ) s (C t * E)) given by (|7.5|l . A direct 
computation, using ([2.230 . ([2.250 . ([3.20 and ([7.50 . proves that 

- ~ ~ BX 13 

~e*{X{x\y^) = el{X{x\y^)) + f?^)—- . e£(X(x\^)) 

ax* Kic'.jfT) 

+ CZp(x i )y^(X(x\y^)+pi(x i )—- . e^(X(*^)), 
= — <%(X{j,yT)) + <Z(Xtf,yr)) 

°V \(x\y-t) 

dX ,(3 ~ ■ 

°y i(x ! ,j/T) 

Thus, if Xe is the Liouville section of C T * E — > -E then, from (J6.80 . ([7.70 and ([7.120 . we 
obtain that 

{{Id, Ti)oQ*,io X)*{X C E ) = {X' a + X p C^)f a + X a V a . 
Therefore, using fl53J), (fTTUl) and ([?~TT[) . it follows that 

((Id,Tz)oe* zol)*(A|)=c^. 

Now, since = (— <i £T £ As) c = — d CT ^ E 'X C E (see Proposition 16.30 . we have that 

{{Id, Ti) o0^o X)*{Q%) = -d CTE aji . (7.13) 

Note that the pair {{Id, Ti) o Q x , % o X) is a morphism between the Lie algebroids C T E — > 
and C tT *{C t *E) -> £ r *£. 

Consequently, using ([7.130 and since the rank of the vector bundle £( rT ^ S {C T * E) — > 5 is 
2n, we deduce the result. |Q££>| 



8 Lagrangian submanifolds, Tulczyjew's triple and Eu- 
ler-Lagrange (Hamilton) equations 

Let {E, [•,•], p) be a symplectic Lie algebroid over a manifold M with symplectic section 
Q. Then, the prolongation C T E of E over the vector bundle projection r : E — > M is 
a symplectic Lie algebroid with symplectic section f2 c , the complete lift of to C T E (see 
Theorem 16.50 . 
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Definition 8.1 Let S a submanifold of the symplectic Lie algebroid E and i : S — > E 
be the canonical inclusion. S is said to be Lagrangian if condition \7.3jj holds and the 
corresponding Lie subalgebroid (Id, Ti) : C7 E — > C7E, i : S — > E of the symplectic Lie 
algebroid (C T E, [•, -} T ,p T ) is Lagrangian. 

Remark 8.2 Let M be a symplectic manifold with symplectic 2- form Q and S be a sub- 
manifold of M. Denote by % : S — * M the canonical inclusion and by Ti : TS — *> TM 
the tangent map to i. Then, Ti is an injective inmersion and TS is a submanifold of TM, 
the standard Lie algebroid tm '■ TM — > M is symplectic, the prolongation C™(TM) of 
t m : TM — > M over t m is the standard Lie algebroid t tm : T(T(M)) — > TM and O c 
is the usual complete lift of Q to TM (see Remark lfi.4|) . Moreover, the Lie subalgebroid 
(Id,T(Ti)) : C t m S (TM) -> C™(TM) = T(TM), Ti : TS ^ TM is just the standard Lie 
algebroid tts : T(TS) — ► TS*. Thus, TS 1 is a Lagrangian submanifold of TM in the sense 
of Definition 18.11 if and only if TS is a Lagrangian submanifold of the symplectic manifold 
(TM, f2 c ) in the usual sense (see Remark 17. 2j) . On the other hand, we have that 

(Ti)*(ft c ) = {i*{Q)) c , (8.1) 

where (z*(f2)) c is the usual complete lift of the 2-form i*Q to TS. From 1)8.1)) . it follows that 
TS is a Lagrangian submanifold the symplectic manifold (TM, Q c ) in the usual sense if and 
only if S is a Lagrangian submanifold of the symplectic manifold (M, f2) in the usual sense. 
Therefore, we conclude that the following conditions are equivalent: 

(i) S is a Lagrangian submanifold of the symplectic manifold (M, Q) in the usual sense. 

(ii) TS is a Lagrangian submanifold of the symplectic manifold (TM, Q c ) in the usual 
sense. 

(iii) TS is a Lagrangian submanifold of TM in the sense of Definition 18.11 
From Proposition 17.61 we deduce 

Corollary 8.3 Let (E, [•, ■}, p) be a symplectic Lie algebroid over a manifold M with sym- 
plectic section Q and X be a section of E. If ax is the section of E* given by 

a x = 

and ax is a 1-cocycle of E then S = X(M) is a Lagrangian submanifold of E. 

If (E, [•, -],p) is a Lie algebroid over a manifold M, we will denote by p*(TE*) — * E the 
pull-back of the vector bundle Tr* : TE* — > TM over the anchor map p : E — >• TM, 
by £ T * E the prolongation of Tv over the vector bundle projection r* : Tv* — > M and by 
: p*(TE*) — ► (C T E)* the isomorphism of vector bundles considered in Sectional 

Using Proposition 17.81 we have the following result 
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Corollary 8.4 Let (E, [•, -],p) be a Lie algebroid over a manifold M and X be a section of 
the vector bundle p*(TE*) —> E. If is the section of (C T E)* — > E given by 

ctx = Ae ° X 

and is a 1-cocycle of Lie algebroid (C T E, [•, •] r , p T ) then S = X(E) is a Lagrangian 
submanifold of the symplectic Lie algebroid C7* E. 

Now, let (E, [-, •],/>) be a Lie algebroid over a manifold M and H : E* — > R be a Hamiltonian 
function. If is the canonical symplectic section of C T E, then there exists a unique section 
£ H of C T 'E -> such that 

Moreover, from Corollary 18. H| we deduce that Sh = £h(E*) is a Lagrangian submanifold of 
C T 'E. 

On the other hand, it is clear that there exists a bijective correspondence ^ h between the 
set of curves in Sh and the set of curves in E*. In fact, if c : I —>■ E* is a curve in E* then 
the corresponding curve in Sh is £h ° c : I — > Sh- 

A curve 7 in Sh, 

7 : / -> S H C C £ x T£*, t -> (71(f), 72(f)) 

is said to be admissible if the curve 72 : J — > T"i?*, t — > 72(f), is a tangent lift, that is, 

72(f) = c(t), 

where c : / — > i£* is the curve in i£* given by te* o 72, te* '■ TE* — > i£* being the canonical 
projection. 

Theorem 8.5 Under the bisection ^h, the admissible curves in the Lagrangian submanifold 
Sh correspond with the solutions of the Hamilton equations for H . 

Proof : Let 7 : I — > Sh Q C t * E C E x TE* be an admissible curve in Sh, 

7(f) = (71W, 72W), 

for all t. Then, 72(f) = c(f), for all t, where c : I — > E* is the curve in i£* given by 

C = T E * O 72. 

Now, since is a section of the vector bundle r r * : C7 E — > _E* and 7(f) C S# = 
it follows that 

&r(c(*))=7(*), foralU (8.2) 
that is, c = ^#(7). Thus, from (|8.2)l . we obtain that 

P T * (6f ) o c = 72 = c, 
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that is, c is an integral curve of the vector field p t *{£,h) and, therefore, c is a solution of the 
Hamilton equations associated with H (see Section l3~3j) . 

Conversely, assume that c : 7 — > E* is a solution of the Hamilton equations associated with 
7f, that is, c is an integral curve of the vector field p T * or, equivalently, 

p-\i H )oc = c. (8.3) 

Then, 7 = £ H o c is a curve in Sh and, from (|8.3j) . we deduce that 7 is admissible. \qed\ 

Next, suppose that L : E — > R is a Lagrangian function. Then, from Corollary 18. 41 we obtain 
that S L = (A^ 1 o d CTE L){E) is a Lagrangian submanifold of the symplectic Lie algebroid 
C T 'E. 

On the other hand, we have a bijective correspondence ^ l between the set of curves in Sl 
and the set of curves in E. In fact, if 7 : 1 — > Sl is a curve in Sl then there exists a unique 
curve c : 7 — > 77 in E such that 

A B (7(t))) = {d CTE L){c{t)), for all £. 

Note that 

pn(7(t)) = (T T )*(A £ (7(t))) = (r-)*((rf £T ^)(c(t))) = c(t), for all t, 

where pri : £ T E <0 E x TE* — > 7? is the canonical projection on the first factor and 
(r T )* : (C T E)* — > E is the vector bundle projection. Thus, 

7 (t) = (c(t), 72 (t)) eSiCr*£C£x TE*, for all *. 

A curve 7 in 

7 : 7 -> S L C £ T *E C E x TE*, t -> (c(t), 72 (t)) 
is said to be admissible if the curve 

l2 :I-*TE\ t-> 72 (t) 

is a tangent lift, that is, 72 (i) = c*(i), where c* : 7 — > 77* is the curve in 75* given by 

C* = T E * O 72. 



Theorem 8.6 Under the bijection ^l, the admissible curves in the Lagrangian submanifold 
Sl correspond with the solutions of the Euler-Lagrange equations for L. 



Proof : Suppose that (x l ) are local coordinates on M and that {e a } is a local basis of T(E). 
Denote by (x\y a ) (respectively, (x l ,y a ) and (x\ y a ; z a , v a )) the corresponding coordinates 
on E (respectively, E* and C T * E). Then, using (pHUil) . (jZ^j) and (fOjl . it follows that the 
submanifold Sl is characterized by the following equations 
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for all a G {1, ... , n}. 

Now, let 7 : / — > Sl be an admissible curve in Sl 

7 (t) = ( c (f), 72 (f)) G Sl Q C t *E CEx TE*, for all t 
and denote by c* : / — > i?* the curve in i?* satisfying 

T2 (t) = c*(t), for all f, (8.5) 

i.e., 

c*(f) = T E *( 72 (f)), for all f. (8.6) 
If the local expressions of 7 and c are 

7 (f) = (x l (t),y a (t);z a (t),v a (t)), c(f) = (x l (t), y a (t)), 

then we have that 

y a {t) = z a {t), for all a. (8.7) 
Moreover, from ()8.5|) and ([8.6)1 . we deduce that 

= <*■<*),«.<*», ^1 = ^+^. (8-8) 

Thus, 

Therefore, using (Q, (JSZZD , (EH), (Q and the fact that p(c(f)) = (Tr*) (72(f)), it follows 
that 

dt Pa!J ' dt [ dy a) Pa dx i a ? y dtfr' 



for all i and a, that is, c is a solution of the Euler-Lagrange equations for L. 

Conversely, let c : I — > be a solution of the Euler-Lagrange equations for L and 7 : / — > Sl 
be the corresponding curve in Sl, 

c = ^ L (l)- 

Suppose that 

7(f) = (c(f), 72(f)) G C T *E CEx TE*, for all f 
and denote by c* : / — > E* the curve in E* given by 

C * = T£* O 7 2 . 

If the local expressions of 7 and c are 

7(f) = (x l (t),y a (t);z a (t),v a (t)), c(f) = (x J (f), y a (t)), 

then 

y °(t) = /*(£), for all a (8.10) 
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and the local expressions of c* and 72 are 

c*(t) = (x%t),y a (t)), l2 (t)=z«(t)p^(t))-?- +Va(t)^~ • 

ox |c*(t) oy a \ c »^ 

Thus, using f!8.4|) and the fact that c is a solution of the Euler-Lagrange equations for L, we 
deduce that 

l2 (t) = c*(t), for all t, 

which implies that 7 is admissible. \qed\ 

Now, assume that the Lagrangian function L : E — > R is hyperregular and denote by 
lul, El and £l the Poincare-Cartan 2-section, the energy function and the Euler-Lagrange 
section associated with L, respectively. Then, u>l is a symplectic section of the Lie algebroid 
(£^,[-,-F,pO and 

i iL u L = d CTE E L , 
(see Section 12. 2. 2|) . Moreover, from Corollary 18.31 we deduce that 

is a Lagrangian submanifold of the symplectic Lie algebroid C T E. 

On the other hand, it is clear that there exists a bijective correspondence ^s iL between the 
set of curves in S% L and the set of curves in E. 

A curve 7 in S^ L 

7 : / - % C C7E C £ x T£, t - ( 7l (t), 72 (t)), 
is said to be admissible if the curve 

l2 :I^TE, *-> 72 (t) 

is a tangent lift, that is, 

72 (£) = c(t), for all i, 

where c : / — ► E the curve in i? defined by c = o 72, : Ti? — > i£ being the canonical 
projection. 

Theorem 8.7 If the Lagrangian L is hyperregular then under the bijection tpg^ the admis- 
sible curves in the Lagrangian submanifold S^ L correspond with the solutions of the Euler- 
Lagrange equations for L. 

Proof : Let 7 : 1 — > S^ L C £ T E C E x T.E be an admissible curve in S% L 

y(t) = ( 7 i(t),7 2 (t)), for all t 

Then, 

72 (t) = c(t), for all t, 
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where c : 2 — > E is the curve in E given by c = t e ° 72- 

Now, since ^ is a section of the vector bundle r T : C T E — > 22 and 7(f) C = £l(E), it 
follows that 

a(c(*)) = 7(*), for all* (8.11) 

that is, c = *s t£ (7)- 

Thus, from (jS.llj) . we obtain that 

P t (^l) o c = 72 = c, 

that is, c is an integral curve of the vector field p t (£l) and, therefore, c is a solution of the 
Euler-Lagrange equations associated with L (see Section 12 .2 .2(1 . 

Conversely, assume that c : 2 — ► 22 is a solution of the Euler-Lagrange equations associated 
with L, that is, c : I — * 22 is an integral curve of the vector field p r (£z,) or, equivalently, 

P t ^l)oc = c. (8.12) 

Then, 7 = £x, o c is a curve in and, from (|8.12j) . we deduce that 7 is admissible. \qed\ 

If L : 22 — > R is hyperregular then the Legendre transformation Leg^ : E —* E* associated 
with L is a global diffeomorphism and we may consider the Lie algebroid isomorphism 
CLegL '■ C T E —>■ C7 22 given by ()3.25|) and the Hamiltonian function H : E* — > K defined 
by 22 = E L o Leg^ 1 (see Section ETfi|) . 

Thus, we have: 

• The Lagrangian submanifolds Sl and S# of the symplectic Lie algebroid C7* E. 

• The Lagrangian submanifold S^ L of the symplectic Lie algebroid C T E. 

Theorem 8.8 If the Lagrangian function L : E —>■ R zs hyperregular and H : E* —>■ ~R is 
the corresponding Hamiltonian function then the Lagrangian submanifolds Sl and Sh are 
equal and 

CLeg L (S iL ) = S L = S H . (8.13) 



Proof : Using (|3.32J) . we obtain that 

A E o £ H o Leg L = A E o CLeg L o £ L . (8.14) 

Now, suppose that (x l ) are local coordinates in M and that {e a } is a local basis of T(E). 
Denote by (x\y a ) the corresponding coordinates on E and by (x\ y a ; z a , v a ) (respectively, 
(x\ y a ; z a , v a )) the corresponding coordinates on C T E (respectively, C T *E). Then, from 
(J2321), Q3I2BD and (pTSjl . we deduce that 

<9/" ,9/" 

o £Le^ o y«) = (x\ y"- —). 
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Thus, from (|2.36|) . it follows that 

(A E o CLeg L o y a ) = d CTE L(x\ y a ), 

that is (see flgH), 
Therefore, Sx = Sh- 

On the other hand, using ()3.32|) . we obtain that f)8.13j) holds. \QED\ 



9 An application: Lagrangian submanifolds in prolon- 
gations of Atiyah algebroids and Lagrange (Hamil- 
ton)-Poincare equations 

9.1 Prolongations of the Atiyah algebroid associated with a prin- 
cipal bundle 

Let 7T : Q — *■ M be a principal bundle with structural group G, <fi : G x Q — > Q be the 
free action of G on Q and tq|G : TQ/G — > M be the Atiyah algebroid associated with 
7T : Q -> M (see Section 12X31) . 

The tangent action </> T of G on TQ is free and thus, TQ is the total space of a principal 
bundle over TQ/G with structural group G. The canonical projection n T : TQ — > TQ/G is 
just the bundle projection. 

Now, let C^ G) (TQ/G) be the prolongation of the Atiyah algebroid r Q |G : TQ/G -> M by 
the vector bundle projection tq|G : TQ/G — > M, and denote by (0 T ) T * : G x T*(TQ) — » 
T*(TQ) the cotangent lift of the tangent action T : G x TQ — > TQ. 

Theorem 9.1 Lei n : Q ^> M be a principal bundle with structural group G and tq\G : 
TQ/G — > M 6e t/je Atiyah algebroid associated with the principal bundle. Then: 

(i) The Lie algebroid C^ tq]{G \TQ / G) and the Atiyah algebroid associated with the principal 
bundle itt '■ TQ — > TQ/G are isomorphic. 

(ii) The dual vector bundle to C^ TQ ^ G \TQ/G) is isomorphic to the quotient vector bundle 
of-K TQ : T*(TQ) -► TQ by the action (0 T ) T * of G on T*(TQ). 

Proof : (i) The Atiyah algebroid associated with the principal bundle ttt '■ TQ — > TQ/G is 
the quotient vector bundle t T q|G : T(TQ)/G — > TQ/G of t T q : T(TQ) — > TQ by the action 
(0 T ) T of G on T(TQ). 
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On the other hand, we have that the fiber of C^ tq][G \TQ/G) over [u q ] G TQ/G is the 
subspace of (TQ/G) n ( g ) x T[ Uq ](TQ/G) defined by 

C<nW(TQ/G) M = {([v q ],X [Uq] )e(TQ/G) n{q) xT [Uq] (TQ/G)/ 

(T q n)(v q ) = (T [Uq] (T Q \G))(X [Uq] )}. 

Now, we define the morphism (tt t o Ttq,T7Tt) between the vector bundles t?q : T(TQ) — > 
TQ and {t q \G) (t ^ g) : £ (r « |G) (TQ/G) -> TQ/G over the map tt t : TQ -> TQ/G as follows, 

(7r T oTr Q ,T7r T )(X ttq ) = M(T tt9 r Q )(Xg), (T„ 9 7r T )(X u J) (9.1) 

for X Ug G T Uq (TQ), with w g G T g Q. 
Since the following diagram 

TQ ^ * Q 



7Tt 



7T 



TQ/G T -^- M = Q/G 

is commutative, one deduces that 

(n T oTT Q ,Tn T )(X Uq ) G C^ G \TQ /G\ Uq] 

and, thus, the map (tit ° Ttq,Tti t ) is well-defined. 
Next, we will proceed in two steps. 

First step: We will prove that the map (ht°Ttq, Tti t ) induces an isomorphism {n T o Ttq, Tir T ) 
between the vector bundles t tq \G : T(TQ)/G -> TQ/G and (tq|G) (t£ 2 |g) : £ (r « |G) (TQ/G) -> 
TQ/G. 

It is clear that 

(71Y o TTQ,TnT)\T Uq (TQ) '■ T Uq (TQ) — > £( TQ \ G \TQ /G)[ Uq ] 

is linear. In addition, this map is injective. In fact, if (7r T o Ttq, T7iY)(X Uq ) = then 
(T Uq rr T )(X Uq ) = and there exists £ G = T e G, e being the identity element of G, such that 

X Uq = (T e (0 T ) Ug )(O, (9.2) 
where {4> T ) Uq '■ G — > TQ is defined by 

(<f = (0 T ) S K) = g G G. 

Therefore, using that -K T ((T Uq TQ)(X Uq )) = 0, and hence (T Uq TQ)(X Uq ) = 0, we have that 

O = T e (r Q o(0 r ) tt J(O = (T e 9 )(O, 
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4> q : G — > Q being the injective immersion given by 

Md) = 9 (<?) = <f>(9, q), for g G G. 
Consequently, £ = and X Uq = (see ()9.2j) ). 

We have proved that the linear map (n T o Ttq , Tttx) \T Uq (tq) is injective which implies that 
{jit ° Ttq,Tiit)\t u (tq) is a linear isomorphism (note that the dimensions of the spaces 
T Uq (TQ) and C^{TQ/G) [uq] ) are equal). 

Furthermore, since the following diagram 



TQ/G 




TQ 



TQ 



Q 



Q 



is commutative, we deduce that (tit ° Ttq,T7Tt) induces a morphism (tc^ ° Ttq,Tttt) be- 
tween the vector bundles t tq \G : T(TQ)/G -»■ TQ/G and (r Q |G)( T «l G ) : C^ G \TQ/G) -> 
TQ/G in such a way that the following diagram 

T(TQ) (*t oTt Q> t *t\ C ir Q \ G)[TQ/G) 



T(TQ)/G 

is commutative, where (7Tt)t : T{TQ) 
if G TgQ then, since the map 



(tt t o Ttq,Tti t ) 
T(TQ)/G is the canonical projection. In addition, 



(MtW (tq) : T Uq {TQ) -> (T(TQ)/G) [Uq 



is a linear isomorphism, we conclude that (ir? ° Ttq,Tttt) is a isomorphism between the 
vector bundles r TQ |G : T(TQ)/G -> TQ/G and (r Q |G)^l G ) : C T ^ G {TQ/G) -> TQ/G. 

Second step: We will prove that the map 

(vr T o'Tt^Tttx) : T(TQ)/G - £^I G )(TQ/G) 

zs an isomorphism between the Atiyah algebroid associated with the principal bundle txt '■ 
TQ -> TQ/G and C^ G \TQ/G). ' 

Let A : — > be a (principal) connection on the principal bundle 7r : Q — > M = Q/G. 
We choose a local trivialization of 7r : Q — > M to be C/ x G, where C/ is an open subset of 
M. Then, G acts on U x G as follows, 

0(3, (x,o')) = (x,oo'), for 9eG and (x,g') E U x G. (9.3) 



65 



Assume that there are local coordinates (x l ) on U and that {£ a } is a basis of g. Denote by 
{ia} the corresponding left-invariant vector fields on G and suppose that 

for i e {1, . . . , m} and x G £7. Then, as we know (see Remark I2.4J) . the vector fields onU xG 

define a local basis {e^, e' b } of T(TQ/G), such that 7r T o = e[ o n, and n T o e b = e' b o n. 
Thus, one may consider the local coordinates (x\ x\ v h ) on TQ/G induced by the local basis 
{44} and the corresponding local basis {f h f h ,% V b } of T(C {t ^ g \TQ / G)). From p^Oj) 
and ([2.31)1 . we have that 



T,K] = (e>(7r(q)), ^ |K] ), T b [u q ] = (e'Mq)), 0), 



(9.4) 



for G TgQ, with q <E Q. 

On the other hand, using the left-translations by elements of G, one may identify the tangent 
bundle to G, TG, with the product manifold Gxq and, under this identification, the tangent 
action of G on T(U x G) = TU x TG = TU x (G x g) is given by (see Q ) 

for g eG,v x e T X U and (#', () G G x g. Therefore, T(£7 x = TC/ x g and the vector 

fields on T(C7 xG)= Ti7 x (G x g) defined by 

x- = A x b = — (9 ' 5) 

2 dx % ' <9v b ' 

are T -invariant and they define a (local) basis of T(T(TQ)/G). Moreover, it follows that 

Tt q oXi = CiO t q , Tt q oX b = e b o t q , 
Tt q o Xi = 0, Tt q o X b = 0, 

T7Tt oXj = 7— O 7Tr, TlTT ° Xft = 0, 

ox 1 

TlT T O Xi = — O 7T T , TlT T O X b = — O 7T T . 

or 2 aw° 

This implies that 

(7T T oTtq,T71 T ) oX i = f i 7T T , (vT r O 7Yq, TtT T ) O X b = f b O 7T T , ^ g g ^ 

(7T T oTt q ,TtT t ) oXi = Vi 7T T , (tTj 1 O Ttq, T'Kt) O X b — V b O 7Tt- 
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Furthermore, if c c ab are the structure constants of q with respect to the basis {£ a }, B : 
TQ © TQ — > g is the curvature of A and 

then, a direct computation proves that, 

[Xi,Xj] = -B^X a , [Xi,X a ] = c c ab A\X c , [X a ,X b ] = c c ab X c , 

and the rest of the Lie brackets of the vector fields {Xi, X a , Xi, X a } are zero. Thus, from 
(|2.2(Jj) and (|2.33j) . we conclude that {tc t o Ttq,Ttc t ) is a Lie algebroid isomorphism. 

(ii) It follows using (i) and the results of Section 12.1.31 fsee Example 12.31 (6)). \qed\ 



Remark 9.2 As we know £ T «(TQ) = T{TQ) (see Remark l2~H|) . In addition, if {X h X b } is 
the local basis of T(TQ) = 3£(Q) given by 



Q L i 

Xi = - A?£ a , X b = £ b 



then the corresponding (local) basis of T(£ T Q(TQ)) = T(T(TQ)) = X{TQ) is {X h X b , X h X b }, 
where X i} X b , Xi and X b are the local vector fields on T(U x G) = TU x (G x g) defined by 
()9.5|) . One may deduce this result using (|2.3H1 , the fact that the anchor map of tq : TQ — > Q 
is the identity and the following equalities 

d d 
1 ~ dxi' b ~dv b ' 

where X? (respectively X b ) is the vertical lift of Xi (respectively, X b ). 



If 7r : Q — > M is a principal bundle with structural group G and : G x Q — ► Q is the free 
action of G on Q then, as we know (see Section F2.1.3|) . the dual vector bundle to the Atiyah 
algebroid tq\G : TQ/G — > M is isomorphic to the quotient vector bundle of the cotangent 
bundle ttq : T*Q — > Q by the cotangent action T * of G on T*Q, that is, the vector bundles 
(t q \G)* : {TQ/G)* -> M and 7r Q |G : T*Q/G -> M are isomorphic. Since T * is a free 
action, T*Q is the total space of a principal bundle over T*Q/G with structural group G. 
The canonical projection 7Tt* : T*Q — > T*Q/G is just the bundle projection. 

Now, denote by C {t ^ g) * {TQ / G) the prolongation of the Atiyah algebroid r Q \G : TQ/G — > M 
by the vector bundle projection 7r Q |G : T*Q/G -> M and by (0 T *) T * : G x T*{T*Q) -> 
T*{T*Q) the cotangent lift of the cotangent action T * : G x T*Q -> T*Q. 



Theorem 9.3 Let n : Q —>■ M be a principal bundle with structural group G and tq\G : 
TQ/G —>■ M be the Atiyah algebroid associated with the principal bundle. Then: 
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(i) The Lie algebroid £( r< 3l G )* (TQ/G) and the Atiyah algebroid associated with the prin- 
cipal bundle ttt* : T*Q — > T*Q/G are isomorphic. 

(ii) The dual vector bundle to & Tq][G ' (TQ/G) is isomorphic to the quotient vector bundle 
ofn T * Q : T*{T*Q) -> T*Q by the action (<f) T *) T * of G on T*(T*Q). 

Proof : (i) The Atiyah algebroid associated with the principal bundle tr?* '■ T*Q — > T*Q/G 
is the quotient vector bundle t t *q\G : T{T*Q)/G -> T*Q/G of t t * q : T(T*Q) -> T*Q by 
the action (0 T *) T of G on T(T*Q). 

On the other hand, we have that the fiber of (TQ/G) over [a,] G T*Q/G, with 

a 3 G T g *Q, is the subspace of (TQ/G) n ( q ) x T[ aq }(T*Q/G) defined by 

CtoW(TQ/G) [aq] = {([v q ],X [aq] ) e [TQ/G) <q) x T K] (T*Q/G)/ 

(T q Tr)(v q ) = (T [aq] (n Q \G))(X [aq] )}. 

Now, we define the morphism (tt t oTttq, Ttt t *) between the vector bundles tt*q '■ T(T*Q) — > 
T*Q and (t q \G)^ g ^ : C^ G ^(TQ/G) -> T*Q/G over the map vr T , : T*Q -> T*Q/G as 
follows, 

(7r T oT7r Q) T7r T .)(X a J = (^((T^g) (T^) (*«*)) (9.7) 

for X Qg G T aq (T*Q), with a, G T ? *Q. 
Since the following diagram 

T*Q ^ - Q 



TTt* 



TT 



T*Q/G ^ M = Q/G 

is commutative, one deduces that 

{-K T oT>K Q ,TK T *)(X aq ) G £^*(TQ/G) [aq] 

and, thus, the map (ttt o Tttq,Tttt*) is well-defined. 

If a q G T 9 *Q, we will denote by (</> T *) Qq : G — > T*Q and by g : G — > Q the maps given by 

<M#) = 09(9) = 0(^,9), 

for g G G. Then, proceeding as in the first step of the proof of Theorem 19 . 1 1 and using that 
7tq o (<ft T *) aq = <p q and the fact that the following diagram 



TTjn* 



T*Q 



Q 



T*Q/G 



ttt* 



T*Q 



Q 
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is commutative, we deduce that ( / Kt°T , kq, Tttt*) induces an isomorphism (n T o Ttiq,Tit t *) 
between the vector bundles t t *q\G : T{T*Q)/G -> T*Q/G and (t |G) (t « |g) * : £ (r « |G) * (TQ/G) 
-> T*Q/G. 

On the other hand, proceeding as in the second step of the proof of Theorem I9.ll and using 
(|2.20|) . (|3.1|) and (|3.2j) . we conclude that (vr^ o Tttq.Tt^t*) is a Lie algebroid isomorphism. 

(ii) It follows using (z) and the results of Section I2.1.3I fsee Example I2.3I (6)). \qed\ 



9.2 Lagrangian submanifolds in prolongations of Atiyah algebroids 
and Hamilton-Poincare equations 

Let 7r : Q — > M be a principal bundle with structural group G, : G x Q — > Q be the 
free action of G on Q and tq|G : TQ/G — > M be the Atiyah algebroid associated with 
the principal bundle it : Q —>■ M. Then, the dual bundle to tq\G : TQ/G — ► M may be 
identified with the quotient vector bundle tiq\G : T*Q/G — > M of the cotangent bundle 
7Tq : T*Q — > Q by the cotangent action T * of G on T*Q. 

Now, denote by (tttoTttq, Ttt t *) : T(T*Q) -> £( r «l G )* (TQ/G) the map given by Q£2). Then, 
the pair ((7t t oT7Tq, Tti t *), ttt*) is a morphism between the vector bundles tt*q : T(T*Q) — > 
T*Q and (tq|G)( t «I g )* : £( T <3l G ')* (TQ/G) -> T*Q/G. We remark that C^(TQ) = T(T*Q) 
and, thus, the Lie algebroids r T * Q : T(T*Q) -> T*Q and (r Q |G)( T «l G )* : £tol G )* (TQ/G) -> 
T*Q/G are symplectic (see Section l3~2~|) . 

Theorem 9.4 (i) Tne pair ((7Ty o Ttxq,Tttt*)iTTt*) is a symplectomorphism between the 
symplectic Lie algebroids t t » q : T(T*Q) -> T*Q and (r Q |G)( T «l G )* : C^^* (TQ/G) -> 
T*Q/G. In other words, we have: 

(i a ) The pair ((tct ° Tttq^ttt*),^*) is a morphism between the Lie algebroids Tt*q '■ 
T(T*Q) -> T*Q and (tq|G)( t «I g )* : £( T «I°)* (TQ/G) -> T*Q/G. 

(ib) IJQtq (respectively, Qtq/g) is the canonical symplectic section o/tt*q '■ T(T*Q) — > T*Q 
(respectively, (t q \GY t ^" : £( T «I G )*(TQ/G) -> T*Q/G) then 

((tt t oTttq,Ttt t *),ttt*)*(^tq/g) = ^tq- (9.8) 

(ii) Lei ft : T*Q/G — > R fre a Hamiltonian function and H : T*Q — ► R fre tae corresponding 
G-invariant Hamiltonian on T*Q 

H = ho7T T *. (9.9) 

J/6* G r(T(T*Q)) = £(T*Q) (respectively, £ h G r(£( T «l G )*(TQ/G))) zs ine Hamiltonian 
section associated with H (respectively, h) then 

(lT T O T7Tq, T7T T .) O £jj = £ ft O 7T T » . 
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Proof : (z) We consider the Atiyah algebroid t t , q \G : T(T*Q)/G — > T*Q/G associated 
with the principal bundle vr T * : T*Q -»■ T*Q/G. If tt tt * : T(T*Q) T{T*Q)/G is the 
canonical projection, we have that the pair (7r TT . , 7r T . ) is a Lie algebroid morphism (see 
Section I2X3|) . 

Now, denote by (71Y Tttq,Tttt*) : T(T*Q)/G — ► £( T ol G! )* (TQ/G) the isomorphism between 
the Lie algebroids r r * Q |G : T(T*Q)/G -> T*Q/G and (r Q |G)( T «l G )* : (TQ/G) -> 

T*Q/G considered in the proof of the Theorem 19.31 It follows that 

(7T T O T7TQ, TtTt* ) = (tT T O T^q, T7T T » ) O 7T TT * . 

This proves (z a ). 

Next, we will prove (4). If A^q (respectively, A^q/^) is the Liouville section of t t *q : 
T(T*Q) -> T*Q (respectively, (r Q |G)( T «l G )* : £( T el G )*(TQ/G) -> T*Q/G) then, using (|S3D 
and (|9.7jl . we deduce that 

((n T oTttq,T7t t ,),7i t ,Y(X T q/ g ) = X TQ . 

Thus, from (i a ) and since Qtq/g = -d c(TQl ° } (tq/g) X T q/g and fi rQ = -gF (t * q) A tq , we 
conclude that 

((7T T oT7lQ,TTT T *),TT T *y(Q T Q/ G ) = Q TQ . 

(ii) Using (z a ) and ()9.9|) . we obtain that 

((n T oT7r Q ,T7r T *),7c T ,y(d c{TQlG) *™^h) = d T ^H. (9.10) 
Therefore, from flPfl), (B and ([9~TD|) . it follows that 

(HtttoTttq ,T-k t , ) (£ H K)) ^TQ/G (^T* («,))) ((7Pr ° TtTq , TtT T . ) (X aq ) ) 
= (^(^(a q ))^TQ/G(7rT*K)))((^T O T7l Q ,Tn T *)(X aq )) , 

for a g G T*Q and X aq G T aq (T*Q). This implies that 

(7T T oT7r Q ,T7r T .)(^(ag)) = ^(tt t . (a,)). 

Now, we prove the following result. 

Corollary 9.5 Let h : T*Q/G ^ R be a Hamiltonian function and H : T*Q ^ 1 fee 
£/ie corresponding G-invariant Hamiltonian on T*Q. Then, the solutions of the Hamilton 
equations for h are just the solutions of the Hamilton- Poincare equations for H . 

Proof : We will give two proofs. 

First proof (as a consequence of Theorem \9.$ : Let p be the anchor map of the Atiyah 
algebroid t q \G : TQ/G -> M and : &^\TQjG) -> T(T*Q/G) be the anchor 
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map of the Lie algebroid £( t q\ g *>* (TQ/G). Using Theorem 19 A\ we deduce that the vector 
field £ H e X(T*Q) is 7r r .-projectable on the vector field /d (t « |g) *(&) e £(T*Q/G). Thus, the 
projections, via n?*, of the integral curves of are the integral curves of the vector field 
p- TQ \ G '* {ih) ■ But, the integral curves of and p( TQ * G '*(£h) are the solutions of the Hamilton 
equations for H and h, respectively (see Section EPJl . Finally, since the projections (via n T *) 
of the solutions of the Hamilton equations for H are the solutions of the Hamilton-Poincare 
equations for H (see 0j) the result follows. 

Second proof (a direct local proof): Let A : TQ — > g be a (principal) connection on the 
principal bundle n : Q — > M and 5 : TQ © TQ — > be the curvature of A. We choose a 
local trivialization of tc : Q — > M to be U x G, where £/ is an open subset of M such that 
there are local coordinates (x l ) on U. Suppose that {£ a } is a basis of g, that c c ab are the 
structure constants of g with respect to the basis {£ a } and that Af (respectively, Bfj) are 
the components of A (respectively, B) with respect to the local coordinates (x l ) and the 
basis {£ Q } (see (j2T8J) ). 

Denote by {ej,e a } the local basis of G-invariant vector fields on Q given by ()2.17j) . by 
(x\ x\ v a ) the corresponding local fibred coordinates on TQ/G and by (x\pi,p a ) the (dual) 
local fibred coordinates on T*Q/G. Then, using ()2.20|) and (|3.12j) . we derive the Hamilton 
equations for h 

dx l dh dpi dh _ dh c ,_ dh 

~dt = dp~i ) ~dT = + ijPa dfi ~ ° ab lPc Wa 

dPa c Ab- dk c - dh 

~df - CabA * Pc dp~ CabPc W* 

which are just the Hamilton-Poincare equations associated with the G-invariant Hamiltonian 
H (see @]). \qed\ 

As we know (see Section l3~Tj) . the local basis {ej, e a } of T(TQ) induces a local basis {e;, e a , e,, 
e a } of T (C^ TQ ^* (TQ / G)) and we may consider the corresponding local coordinates (x\ y a ; 
z\z a ,v u v a ) on C^W'iTQ/G) (see again Section IO). 

Since the Lie algebroids (t q \GY t Q^* : (TQ/G) -> T*Q/G and t t , q \G : T(T*Q)/G 

-> T*Q/G are isomorphic and £( T «I G )*(TQ/G) C TQ/G x T(T*Q/G), we will adopt the 
following notation for the above coordinates 

(^p i ,p a ;a;\?; a ,p i ,£ a ). 

We recall that (x\Xi,v a ) and (x\pi,p a ) are the local coordinates on TQ/G and T*Q/G, 
respectively (see the second proof of Corollary 19. 5 j) . 

Next, using the coordinates (x\pi, p a \ x\ v a , pi, p a ), we will obtain the local equations defining 
the Lagrangian submanifold S h = £ h (T*Q/G) of the sympletic Lie algebroid (C^ G ^*(TQ/G), 
VLtq/g)-, h :T*Q/G — > R being a Hamiltonian function. 

Using ()2.2()j) and we deduce that the local expression of £h is 
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Thus, the local equations defining the submanifold Sh are 



dh 

OPa 

■ i dh ■ ( dh _ dh a Ah- dh s 

X = a ' Pi = v7T7 ~ ijP a Ti C bdA-iPa-£— , 

OPi OX J Opj Opd 

c A b- dh c - dh 

Pa - C ^APc^-C abPc ^-, 



or, in other words, 



dh 

dpa 



dx l 


dh dpi 


dh 


~dt 


dpi ' dt 


~ ~ W 


dpa 
dt 


c A b dh 


c dh 

' CabPc Wb 



?a - dh a b _ dh 
^ Pa dp~~ Cb ' * iPa W d h 



(9.12) 



(9.13) 



Eqs. (J9.12)) give the definition of the components of the locked body angular velocity (in 
the terminology of [2 j) and Eqs. ()9.13|) are just the Hamilton-Poincare equations for the 
G-invariant Hamiltonian H = h o tt t * . 

Finally, we will discuss the relation between the solutions of the Hamilton- Jacobi equation 
for the Hamiltonians h and H. 

Suppose that a G T(T*Q/G) is a 1-cocycle of the Atiyah algebroid tq\G : TQ/G — > M = 
Q/G. Then, since the pair (tct,^) is a morphism between the Lie algebroids tq : TQ — > Q 
and tq\G : TQ/G — > M = Q/G (see Section I2.1.3J) . we deduce that the section a G T(T*Q) 
given by 

a = (7r T ,7r)*a, (9.14) 

is also a 1-cocycle or, in other words, a is a closed 1-form on Q. It is clear that at is G- 
invariant. Conversely, if a is a G-invariant closed 1-form on Q then, using that {^T)\T q Q '■ 
T q Q — > (TQ/G) n ( q ) is a linear isomorphism, for all q G Q, we deduce that there exists a 
unique 1-cocycle a G T(T*Q/G) of the Atiyah algebroid r Q \G : TQ/G -> M such that (jgHD 
holds. 



Proposition 9.6 There exists a one-to-one correspondence between the solutions of the 
Hamilton- Jacobi equation for h and the G-invariant solutions of the Hamilton- Jacobi equa- 
tion for H . 
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Proof : We recall that a 1-cocycle a G T(T*Q/G) (respectively, a G T(T*Q)) is a solution 
of the Hamilton- Jacobi equation for h (respectively, H) if d T ®/ G (h o a) = (respectively, 

tF«(#ofi) = o). 

Now, assume that a is a 1-cocycle of the Atiyah algebroid tq\G : TQ/G — > M and denote 
by a the cocycle defined by (j9.14|) . We obtain that 

O a) O 7T. 

Thus, using that 

7T T .| T * Q : T 9 *Q -> (T*Q/G) n{q) 
is a linear isomorphism, for all q G Q, we conclude that 

d TQ / G (/i o a) = & d TQ (H o 5) = 

which proves the result. \qed\ 



9.3 Lagrangian submanifolds in prolongations of Atiyah algebroids 
and Lagrange-Poincare equations 

Let n : Q — > M be a principal bundle with structural group G, tq\G : TQ/G — > M be the 
Atiyah algebroid associated with the principal bundle 7r : Q — > M and : TQ — > TQ/G 
be the canonical projection. 



Theorem 9.7 T/ie solutions of the Euler-Lagrange equations for a Lagrangian I : TQ/G — > 
M. are the solutions of the Lagrange-Poincare equations for the corresponding G-invariant 
Lagrangian L given by L = I o tx t . 



Proof : Let A : TQ — > g be a (principal) connection on the principal bundle tt : Q — > M 
and B : TQ © TQ — >• g be the curvature of A. We choose a local trivialization of n : Q — > M 
to be f/ x G, where [/ is an open subset on M such that there are local coordinates (x l ) on 
U . Suppose that {£ a } is a basis of 0, that c c ab are the structure constants of q with respect 
to the basis {£ a } and that A\ (respectively, Bfj) are the components of A (respectively, B) 
with respect to the local coordinates (x l ) and the basis {£ a } (see (|2.18j) ). 

Denote by {ej, e a } the local basis of G-invariant vector fields on Q given by ()2.17|) and by 
(x l ,x l ,v a ) the corresponding local fibred coordinates on TQ/G. Then, using (|2.20J) and 
(|2.40|) . we derive the Euler-Lagrange equations for I 

|L - 1(1) = -^-(B^ + c a db A)v d ), for all j, 
dx> dVdx' dv a 13 db 3 

d 81 81 
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which are just the Lagrange-Poincare equations associated with the G-invariant Lagrangian 
L (see jSj). \qed\ 

Now, let A TQ/G : C^^iTQ/G) = p*(T(T*Q/G)) -> £M G )(TQ/G)* be the isomor- 
phism between the vector bundles pr x : p*{T(T*Q/G)) = £ (r <2 |G) * (TQ/G) -> TQ/G and 
((tqIG)^!^)* : C^ G \TQ/G)* -> TQ/G defined in Section^] (see (JOJ)) and fi TQ/G be the 
canonical symplectic section associated with the Atiyah algebroid tq|G : TQ/G — > M. 

Next, we will obtain the local equations defining the Lagrangian submanifold Si = (^q/g ° 

d^ TQlG) ( T Q/ G )l)(TQ/G) of the symplectic Lie algebroid {C^ G ^{TQ/G), Vt TQ/G ). 

The local basis {e;, e a } induces a local basis {T, T a , Vi, V a } oiT{C <yTQ]{G \TQ /G)) (see Remark 
12 .7|) and we may consider the corresponding local coordinates (x l , x l , v a ; z % , z a , v % , v a ) on 
£( TQ w(TQ/G) (see again Remark l2.7jl . We will denote by (x\ x\ v a ; Zi, z a , v v a ) the dual 
coordinates on the dual bundle C^ G \TQ/G)* to C {t ^ g \TQ/G). 

On the other hand, we will use the notation of Section 19.21 for the local coordinates on 
C^\TQ/G), that is, {x\ Pi ,p a -x\v\p h p a )- 
Then, from (f2~27Ijl . (jQgj) and (pTKjl . we deduce that 

where {T*, T a , t^, \> a } is the dual basis of {T, f a , V h V a }. 

Thus, the local equations defining the Lagrangian submanifold Si of the symplectic Lie 
algebroid {C^ T Q^ {TQ/G),Q TQ/G ) are 



or, in other words, 





dl 




dl 


Pi = 


dx { 


, Pa = 


dv a ' 




dl 


+ %-' J 


dl 


Pi = 


dx i 


dv a 




dl 






Pb = 


dv a 


(c a db v d - 


r a A' 






dl 






Pi 


" ~d± v 


Pa 



dl 



- r a A b ri d 

d'i\ 



dv a 



dl 

dv~*'' 



^ = Pa(0 a db V d - Afc^). 



(9.15) 



(9.16) 



Eqs. (I9.15J) give the definition of the momenta and Eqs. ()9.16|) are just the Lagrange- 
Poincare equations for the G-invariant Lagrangian L. 
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Now, let (7i t oTt q ,Tti t ) : T(TQ) -> C^ G \TQ/G) be the map given by (JUT]). Then, the 
pair ((tttoTtq, Ttit), ttt) is a morphism between the vector bundles ttq : T(TQ) — > TO; and 
(r |G)( r «l G ) : £( r «l G )(Tg/G) -> TQ/G. We recall that the Lie algebroids r rQ : T(TQ) -> 
TQ and Tq Q : C TQ (TQ) — > TQ are isomorphic. 

Theorem 9.8 (z) T/ie pazr ((7Tt o Ttq,Tttt),tct) is morphism between the Lie algebroids 
r TQ rJ Q : T(TQ) = C T ^(TQ) -> TQ and (r Q |G)MG) : £^I G )(TQ/G) -> TQ/G. 

(ii) Let I : TQ/G — > R 6e a Lagrangian function and L : TQ — > R 6e i/ie corresponding 
G-mvanant Lagrangian on TQ, L = I o vr T . 1/ wj e r(A 2 (£ (r « |G) (TQ/G)*)) and ^ G 
C°°(TQ/G) (respectively, oo L G r(A 2 (£ TQ (TQ)*)) = T(A 2 (T*(TQ))) and £ L G G°°(TQ)) 
are tne Poincare-Cartan 2-section and the Lagrangian energy associated with I (respectively, 
L) then 

((tt t o Tt q , Tit t ), it t )*(uji) = uj l , (9.17) 
Ei o tt t = E L . (9.18) 



(Hi) If Legi : TQ/G — > T*Q/G (respectively, Legi '■ TQ — > T*^ as £/ie Legendre transfor- 
mation associated with I (respectively, L) then 

Legi o 7i T = iiT* o Leg Li 

that is, the following diagram is commutative 



TQ 



Legi 



T*Q 



TQ/G 



Legi 



-T*Q/G 



Proof : (i) We consider the Atiyah algebroid ttq\G : T(TQ)/G — ► TQ/G associated with 
the principal bundle tit '■ TQ — > TQ/G. If ixtt '■ TiTQ) — »■ T(TQ)/G is the canonical 
projection, we have that the pair (tttt,^t) is a Lie algebroid morphism (see Section I2.1.3J1 . 

Now, denote by (ttt ° Tt q , Tti t ) ■ T(TQ)/G -> C^ G \TQ/G) the isomorph ism between 
the Lie algebroids t tq \G : T(TQ)/G -> TQ/G and (r Q |G)( T «l G ) : £^ G )(TQ/G) -> TQ/G 
considered in the proof of Theorem 19.11 It follows that 

(7T T O Ttq, TlX T ) = (n T O Ttq, TlT T ) O 7l TT . 

This proves (i). 

(ii) From (|2.H5jl . (|9.fjjl and Remark l9~2l we deduce that the following diagram is commutative 
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S TQ 



gTQ/G 



T(TQ) 
(tt t oTt q ,Ttt t ) 

C<™W{TQ/G) 

where S T ® (respectively, S TG -I G ) is the vertical endomorphism associated with the Lie alge- 
broid tq : TQ — > Q (respectively, the Atiyah algebroid tq\G : TQ/G — > M). Thus, if 0^ 
(respectively, ^) is the Poincare-Cartan 1-section associated with L (respectively, I) then, 
using the first part of the theorem, (J2.37)) and the fact that L = I o 7r T , we obtain that 



-T(TQ) 

(ti t O TTQ,Tn T ) 

C^ g \TQ/G) 



((tt t o Tt q , Tn T ), n T )*(6i) = 9 L . 



(9.19) 

Therefore, using again the first part of the Theorem and 1)2.38)1 . it follows that 

((ir T o Tt q , Tit t ), 7!- t )*(uji) = UJ L . 

On the other hand, from ()2.29j) . ()9.6)) and Remark I9.2I we have the following diagram is 
commutative 



TQ 



£TQ/G 



-T(TQ) 

(tt t oTtq,Ttt t ) 

c^q\ g \tq/g) 



TQ/G - 

where A T< ^ (respectively, A T ®/ G ) is the Euler section associated with the Lie algebroid 
tq : TQ — > Q (respectively, the Atiyah algebroid tq\G : TQ/G — > M). Consequently, using 
the first part of the theorem and the fact that L = I o ttt, we conclude that 



Ei o n T = El. 
(Hi) From ()3.23j) and ()9.19jl . we deduce the result. 
Now we prove the following 



\QED\ 



Corollary 9.9 Let I : TQ/G —>■ R be a Lagrangian function and L : TQ —>■ R be the 

corresponding G-invariant Lagrangian on TQ, L — I o n T . Then, L is regular if and only if 
I is regular. 

Proof : The map 

(n T o Ttq, Tn T ) {Tvq(TQ) : T Vq (TQ) - C^ G \TQ /G\ Vq] 
is a linear isomorphism, for all v q G T q Q (see the proof of Theorem I9.1j) . 
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On the other hand, L (respectively, I) is regular if and only if uj l (respectively, uj{) is a 
symplectic section of t tq : T(TQ) -> TQ (respectively, (tq|G) (t « |g) : £ (t « |g) (TQ/G) -> 
TQ/G). 

Thus, using ()9.17|) . the result follows. [gEg] 

Assume that the Lagrangian function / : TQ/G — > M. is regular and denote by £j G 
T(C^ TQ ^ G \TQ/G)) the Euler-Lagrange section associated with Z. We recall that ^ is charac- 
terized by the equation 

Next, we will obtain the local equations defining the Lagrangian submanifold = £i(TQ/G) 
of the symplectic Lie algebroid (C^ TQ ^(TQ/G), uf), uf being the complete lift of ui. 

Let A : TQ — > g be a (principal) connection on the principal bundle 7r : Q — > M and 
-B : TQ © TQ — > g be the curvature of A. We choose a local trivialization of n : Q — > M 
to be f/ x G, where [/ is an open subset of M such that there are local coordinates (x l ) on 
[/. Suppose that {£ a } is a basis of $j, that c^ fe are the structure constants of g with respect 
to the basis {£ a } and that A" (respectively, 5? ) are the components of A (respectively, B) 
with respect to the local coordinates {x % ) and the basis {£ a } (see (|2.18|) ). 

Denote by {e,, e a } the local basis of G-invariant vector fields on Q given by (j2.17j) and 
by (x\x l ,v a ) the corresponding local fibred coordinates on TQ/G. {ei,e a } induces a 
local basis {f h f a ,V h V a } of T(C^ G \TQ/G)) (see fl£3|)) and we have the correspond- 
ing local coordinates (x\ x\ v a ; z l , z a , v l ,v a ) on C^ TQ ^(TQ/G). Since the vector bundles 
r TQ \G : T(TQ)/G -> TQ/G and (r Q |G)^l G ) : £^I G )(TQ/G) -> TQ/G are isomorphic (see 
Theorem 19. we will adopt the following notation for the above coordinates 

(x\x\ v a ; z\ z a ,x\v a ). 



Now, we consider the regular matrix 



and denote by 



/ d 2 l d 2 l \ 

dx % dx,i dx l dv a 

dH 8 2 l 

\ QyaQj-i dv a dv b ' 



W ij W l 
W ai W c 



the inverse matrix. Then, from ()2.20j) and ()2.42|) . we deduce that 

6 = x j T+^T a + (^te), + ^ a te)a)^ 



(9.20) 



where 
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3 2 l 81 



(9.21) 



Thus, using the coordinates (x l , x\ v a ; z\ z a , x\ v a ), we obtain that the local equations defin- 
ing the Lagrangian submanifold are 

z i = ±\ z a = v a , (9.22) 
■£ = + W tb ^) b , d a = W a ^Ci)j + W ab ^) b . (9.23) 

From (|9~2TJ) and we conclude that 

dl d , dl s dl ,„„..•.„ _ d b . 



dx* <ir<)rJ' dya( B tj il + c > A j)> 



which are just the Lagrange-Poincare equations associated with the G-invariant Lagrangian 

L = I O 7T T . 



9.4 A particular example: Wong's equations 

To illustrate the theory that we have developed in this section, we will consider an inter- 
esting example, that of Wong's equations. Wong's equations arise in at least two different 
interesting contexts. The first of these concerns the dynamics of a colored particle in a 
Yang-Mills field and the second one is that of the falling cat theorem (see [2H 1221 EHj ; see 
also 5] and references quoted therein). 

Let (M, qm) be a given Riemannian manifold, G be a compact Lie group with a bi-invariant 
Riemannian metric re and 7r : Q — > M be a principal bundle with structure group G. Suppose 
that q is the Lie algebra of G, that A : TQ — > g is a principal connection on Q and that 
£> : TQ © TQ — > g is the curvature of A. 

If q E Q then, using the connection A, one may prove that the tangent space to Q at q, 
T q Q, is isomorphic to the vector space g © T n ( q )M. Thus, re and qm induce a Riemannian 
metric gq on Q and we can consider the kinetic energy L : TQ — > K associated with gg. 
The Lagrangian L is given by 

L(Vq) = ~(K e {A(v q ),A(Vq)) + gn(q)((T q n)(v q ),(T q ir)(Vq))), 

for v q G T g Q, e being the identity element in G. It is clear that L is hyperregular and 
G-invariant. 
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On the other hand, since the Riemannian metric qq is also G-invariant, it induces a fiber 
metric Qtq/g on the quotient vector bundle tq\G : TQ/G — > M = Q/G. The reduced 
Lagrangian I : TQ/G — > K is just the kinetic energy of the fiber metric grQ/G, that is, 

Z N = ^MA(v q ),A(vg)) + g*(q)((Tqir)(v q ),(T q ir)(v q ))), 

for v q e T q Q. 

We have that I is hyperregular. In fact, the Legendre transformation associated with I is 
just the vector bundle isomorphism t> 9TQ/G between TQ/G and T*Q/G induced by the fiber 
metric Qtq/g- Thus, the reduced Hamiltonian h : T*Q/G — > R is given by 

% ff ] = Jft /0 W) 

for a g G T,*Q. 

Now, we choose a local trivialization of 7r : Q —>■ M to be U x G, where Z7 is an open subset 
of M such that there are local coordinates (x % ) on [/. Suppose that {£ a } is a basis of g, that 
c£ b are the structure constants of q with respect to the basis {£ a }, that A? (respectively, 5? ) 
are the components of A (respectively, B) with respect to the local coordinates (x l ) and the 
basis {£ a } (see (I2.18J1 ) and that 

^e = ^ab^ a ®^, 9 = Qijdx 1 (g) dx> , 

where {£ a } is the dual basis to {£ a }- Note that since k is a bi-invariant metric on G, it 
follows that 

c C ab K cd = c c ad n cb . (9.24) 

Denote by {ej,e a } the local basis of G-invariant vector fields on Q given by (j2.17j) . by 
(x\x\v a ) the corresponding local fibred coordinates on TQ/G and by (x\pi,p a ) the (dual) 
coordinates on T*Q/G. We have that 

l(x\x\v a ) = ^(K ab v a v i + gyxW), (9.25) 
I 

h(x\p u p a ) = -{K ab p a p b + g iJ PiPj), (9.26) 

where (n ab ) (respectively, (g 13 )) is the inverse matrix of (re a &) (respectively, (<7i?)). Thus, the 
Hessian matrix of Z, Wj, is 

9ij \ 

Kab J 

and the inverse matrix of Wi is 

f g 13 o \ 
y o K ab J 

The local basis {e^, e a } induces a local basis {ei, e a , e a } of T(C^ TQ ^* (TQ / G)) and we may 
consider the corresponding local coordinates 

(x\pi,p a ;x\v a ,pi,p a ) 
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on C^^'iTQ/G) (see Section l9~2j) . 
From (j9~iHjl and (f9~2fijl . we deduce that 

r - r (lb- - n 

C ahPc — = C ab K p c p d = 0. 

Thus, the local expression of the Hamiltonian section ^ of D- Tq][G ^* (TQ/G) is (see (|9.11|) 
and (HEH1)) 

ihix\pi,p a ) = (9 tJ Pj)ei + (K bc p c )e b - ^-Q—PjPk ~ Bf j p a g jk p k )e i - (c^p^pAej,. 

Therefore, the local equations defining the Lagrangian submanifold Si = Sh = £h(T*Q/G) 
are 

x % = g^Pj, v b = K bc p c , for all i and b, 
1 dgi k 

Pi = -^-Q—PjPk-PaB^g^Pk, for all i, 
Pb = -Cdb A iPag ll Pj, for all b 



or, in other words, 



x 1 = g^Pj, v b = K bc p c , for all i and b 

dpi 1 dg jk 
~dT ~ ~2~dx r 



p jPk - p a B^g jk p k , for all i, (9.27) 



^ = -c a dh Aip a x\ for all b. (9.28) 

Eqs. (J9.27j) (respectively, Eqs. ()9.28|) ) is the second (respectively, first) Wong equation (see 
0)- 

On the other hand, the local basis {ej,e a } induces a local basis {Tj, T a , V$, V a } of 
T(C^ T ^ G \TQ/G)) and we may consider the corresponding local coordinates 



(x l ,x\v a ; z\ z a ,x\v a ) 



on C^ G \TQ/G) (see Section BOjt . 

From (|9.2U|) . (|9.2ip . (|9.24|) and (|9.25j) . we obtain that the Euler-Lagrange section ^ associ- 
ated with I is given by 

^(x k ,x k ,v c ) = x if i + v b f b + g i i(^^x k x l -^x k x l 
+^13^)^ + [c h ac v a A\x l )V h . 

Thus, the local equations defining the Lagrangian submanifold = ^(TQ/G) of 
C^Q\ G \TQ/G) are 

z l = x\ z b = v b , for all i and 6, 



80 



^^9 ij (l^i k i l -^fi k i l + ^ b v b BJ k x k ), for all i, (9.29) 
i b = c h ac v a A c t x\ for all b. (9.30) 

Now, put 

p b = K bc v c , pi = gijX 3 , 

for all b and i. 

Then, from and (jjQUj) , it follows that 

% = -PaC a db Afx\ for all 6, 

which is the first Wong equation. In addition, since (g* J ) is the inverse matrix of (gij), we 
deduce that 

dgu . k ■ i d 9 kl 

OX J OX 3 

Therefore, using ()9.24|) and ()9.29|) . we conclude that 



dpi 1 dc/^ k 

~dj~ = ~Ydx TVjVk ~ P^i 9 ^ fOT aU *' 



which is the second Wong equation. 
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